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I .  INTRODUCTION 


A.  Interstellar  Matter  -  Brief  Review 

The  combination  of  observational  and  theoretical 

studies  carried  out  chiefly  during  the  last  25  years  leads 

to  the  following  picture  for  the  matter  between  the  stars. 

The  gas,  whose  relative  element  abundance  is  believed  to  be 

essentially  the  same  as  that  found  in  stellar  atmospheres, 

is  distributed  throughout  the  galaxy  in  the  "spiral  arms" 

which  form  a  very  flat  (thickness  s  200  pc)  subsystem 

defining  the  plane  of  the  galaxy.  In  the  spiral  arms  the 

overall  smeared-out  density  of  atomic  hydrogen  which  is  the 

most  easily  observable  (by  21-cm  line  studies )  component  of 

the  gas  is  n  -  1  atom/cm  ,  giving  a  density  p^  -  1  -  2  x 
24  *z 

10”  gm/cm  .  Having  about  the  same  distribution  as  the  gas 

is  the  interstellar  "dust"  which  Is  thought  to  be  composed 

5 

mainly  of  ice  crystals  having  dimensions  of  roughly  10” 

4 

10"  cm.  The  smeared-out  density  of  these  dust  grains  is 
—  _26  3 

about  p  -  10  gm/cm  .  The  density  of  both  gas  and  dust 

s 

is  much  less  between  the  spiral  arms  and  away  from  the  plane 

of  the  galaxy.  Actually,  there  are  large  variations  in 

density  even  within  the  spiral  arms.  It  is  known  from 

studies  of  interstellar  absorption  lines  and  also  from  21-cm 

investigations  that  the  gas  is  distributed  in  dense  clouds 

3 

in  which  the  density  is  n  -  10  atms/cm  ,  compared  to  an 

H 


i. 


2. 


intercloud  density  of  about  0.1  atoms/cm^.  Generally, 
there  is  also  a  corresponding  increase  in  dust  density 
within  the  dense  regions.  The  clouds  fill  roughly  10#  of 
the  interstellar  space  and  have  an  average  diameter  of 
about  10  pc.  In  addition  to  the  velocity  corresponding  to 
galactic  rotation,  the  clouds  have  a  random  motion  corres¬ 
ponding  to  a  radial  velocity  distribution  e“  J 

where  y  -  10  km/sec  (this  is  Just  a  rough  value  for  y  , 
later  in  this  work  we  shall  adopt  y  =  7-5  km/sec).  This 
so-called  ^'cloud  model"  of  the  interstellar  medium  is  an 
oversimplification  but  is  quite  useful  as  a  starting  point 
for  theoretical  calculations.  It  should  be  kept  in  mind, 
however,  that  this  picture  may  change  when  more  complete 
data  on  the  interstellar  medium  is  available. 

About  10#  of  the  interstellar  clouds  are  in  the  ionized 
state,  the  ionized  regions  (H  II  regions)  being  roughly 
spherical  (radius  20-150  pc)  and  confined  to  the  vicinity  of 
0  and  B  stars  or  groups  of  stars .  Spitzer1  has  shown  that 
a  kinetic  temperature  in  the  neighborhood  of  10  °K  will 
result  in  these  H  II  regions  from  energy  balance  of  electrons 
between  gains  from  electron  capture  by  protons  followed  by 
photoionization  and  losses  by  excitation  of  low-lying  states 
of  0+  ions .  It  is  though  that  the  low  density  intercloud 
medium  is  in  the  ionized  state. 

The  remaining  90#  of  the  Interstellar  clouds  are 

/  ,  2 
neutral  (H  I  regions).  Early  21-cm  work  indicated  a 


3. 


temperature  of  125°K  for  the  H  I  clouds,  while  more  recent 

investigations'^  of  21-cm  line  absorption  point  to  a 

^  o 

temperature  of  about  60  K.  The  processes  which  control  the 

temperature  in  H  I  regions  are  much  more  uncertain  than 

those  for  H  II  regions  and  a  discussion  of  these  processes 

will  be  given  later  (sections  HID  and  IVC).  One  of  the 

cooling  processes,  namely  the  radiative  de-excitation  of 

rotational  levels,  involves  the  hydrogen  molecule  directly. 

o 

Generally,  a  temperature  100  K  for  the  H  I  clouds  will  be 
sufficiently  accurate  for  most  calculations  performed  in 
this  work. 

Many  of  the  processes  which  determine  the  state  of 
interstllar  matter  involve  the  interstellar  radiation  field. 
For  a  typical  point  in  interstellar  space  this  radiation 
field  can  be  approximated  by  that  of  a  black  body  at  a  tem¬ 
perature  Tq  s  10^°K,  but  diluted  by  a  factor  W  ~  10-1\ 
With  such  a  radiation  field  the  relative  population  of 
excited  states  of  atoms  or  molecules  is 


_  w  e-*AT0 


(1) 


where  nQ  is  the  population  in  the  ground  state  and  E  is  the 
excitation  energy.  This  relation  holds  only  if  the  most 
important  mechanism  for  excitation  and  de-excitation  is 
the  interaction  with  the  (weak)  radiation  field  and  may  not 
hold,  for  example,  for  metastable  states.  The  main  con¬ 
clusion  to  be  drawn  from  (l )  is  that  interstellar  atoms  and 
molecules  are  very  predominantly  in  the  ground  state. 


4. 


Since  hydrogen  atoms  are  photoionized  easily  by 

radiation  of  wavelength  X  <  912  X  (the  Lyman  limit),  the 

H  I  clouds  are  essentially  opaque  to  radiation  beyond  the 

Lyman  limit  (with  a  density  n  =  10  cm-^  and  a  path  length 

Jrl 

of  1  pc,  the  optical  thickness  at  the  Lyman  limit  is  about 
20).  In  many  instances  it  is  a  good  approximation  to  use 
Wien's  law  instead  of  Planck's  for  black  body  radiation. 
This  allows  one  to  write  down  a  simple  expression  for  the 
photon  flux  dJ^  (number  of  photons  incident  per  cm  per 
second  in  the  frequency  interval  do): 

dJa)  “  Jo^  “  w  e‘Tm  *of  (2 ) 

where  p  -  l/kTQ,  and  the  optical  thickness  is  for  H  I 
regions  essentially 

r  oo  o  >  oQ 

To  - *  j 

.0  CD  <  O 

o 

cdq  being  the  frequency  corresponding  to  the  edge  at  912  X. 

B.  Observational  Inferences  on  the  Hg  Abundance 

1 .  Spectroscopic  Difficulties 

Atmospheric  absorption  limits  optical  observa¬ 
tions  to  the  range  2900  X  -  10,000  X  (1.2  eV  -  4.5  eV). 
Since  the  first  bound  excited  electronic  state  of  the 
hydrogen  molecule  lies  more  than  11  eV  above  the  ground 
state,  detection  of  molecular  hydrogen  thru  its  absorption 


5. 


spectrum  is  impossible  from  below  the  atmosphere.  Moreover, 
both  the  magnetic  fine  structure  and  hyperfine  structure 
splittings  are  zero  in  first  approximation  for  the  hydrogen 

.1  r-  +  . 

molecule  in  the  ground  (  >  )  state.  This  situation  is 

g  i 

similar  to  that  for  the  helium  atom  in  the  ground  (  S) 

state  and  arises  from  the  singlet  character  of  the  state. 

It  is  for  this  reason  that  no  radio  observations  analogous 

to  the  21 -cm  studies  for  atomic  hydrogen  can  be  made  for 

molecular  hydrogen  (or  helium).  Another  type  of  energy 

level  splitting,  A  -doubling,  is  also  zero  in  first 

approximation,  since  the  ground  state  of  H2  is  a  I  state 

(A  =  0).  Radiation  between  components  split  by  A  - 

4 

doubling  has  been  considered  by  Shklovsky  for  such  Inter¬ 
stellar  molecules  as  OH. 

While  direct  spectroscopic  detection  of  H2  seems 
impossible  from  below  the  atmosphere,  observations  from 
spectroscope  carrying  satellites  offer  a  very  appealing 
possibility.  The  launching  of  a  satellite  carrying  an 

5 

ultra-violet  stellar  spectroscope  is  tentatively  scheduled 
for  1966.  Such  a  spectroscope  would  be  capable  of  detecting 
the  interstellar  absorption  lines  of  H2  in  the  Lyman  and 
Werner  bands  which  correspond  to  the  following  transitions 
(see  Fig.  1 ): 

Lyman  bands:  X — *>B  yQ0  ■  901 96  cm"1  (11.2  eV ) 

Werner  bands:  X — y  *  99080  cm"1  (12.3  eV) 

00 

X:  Y  +  (the  ground  state) 

6 


Hr-n*  /)  +■  rtt-n*t 


distance  R  and  Ve(R)  is  the  coulomb  repulsion 
energy  for  the  two  nuclei. 


7- 


B: 


C: 


These  transitions  have  oscillator  strengths  of  order  unity 

and  so  even  small  amounts  of  molecular  hydrogen  should  be 

detectable  thru  the  absorption  lines. 

2 .  Gas/Dust  Correlations 

At  present,  direct  evidence  for  the  presence  of 

molecular  hydrogen  is  lacking.  However,  there  is  weak 

indirect  evidence  for  a  relatively  high  abundance  in  certain 

regions  of  the  galaxy.  It  will  be  shown  in  part  II  that 

recombination  on  interstellar  grains  Is  the  only  mechanism 

capable  of  building  up  a  molecular  concentration  comparable 

to  the  observed  atomic  densities  in  a  time  less  than  the 

age  of  the  galaxy.  One  would  expect,  then,  to  find  the 

highest  molecular  concentration  in  the  regions  where  the 

6 

dust  density  is  greatest.  Van  de  Hulst  et  al  did  find 

that  the  dark  regions  in  Taurus  gave  only  about  30#  of  the 

21-cm  line  radiation  expected  from  considerations  of  the 

amount  of  dust  present.  In  fact,  they  suggested  that  the 

resulting  low  atomic  density  might  be  because  most  of  the 

hydrogen  had  associated  to  molecular  form  In  these  regions. 

7  8 

In  other  21-cm  surveys,  Lilley  and  Heeschen  find  a 
general  correlation  in  the  amount  of  gas  and  dust  on  the 
whole,  but  also  find  some  fluctuations  in  the  gas/dust 
ratio.  Lilley  reports  a  range  of  35  -  250  in  the  density 
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ratio  with  a  mean  value  of  about  100. 

3.  Dynamical  Astronomy's  Limit 

An  absolute  upper  limit  to  the  molecular  density 

can  be  obtained  from  dynamical  astronomy.  From  studies  of 

the  motion  of  stars  normal  to  the  plane  of  the  galaxy  a 

potential  curve  in  the  normal  (z  )  direction  can  be  con- 

9,10 

structed.  One  finds  from  these  investigations  that  the 

total  mass  density  (stars  +  gas  +  dust)  near  the  sun  is 

3 

p  -  0.13  -  0.15  M0/pc  (compared  with  the  older  figure 

0.09  -  0.10  Me/pc^).  Of  this  figure,  about  half  can  be 

accounted  for  by  observed  stars  and  gas  (dust  contributes 

,  11 

a  negligible  amount).  Oort  has  attributed  the  remaining 

so-called  "unaccounted  for  mass"  to  faint  dwarf  stars, 

12  13 

while  Bok  and  Gold  have  suggested  that  molecular 

hydrogen  may  contribute  appreciably  to  this  unobserved 

/  5 

mass.  If  we  attribute  0.07  M0/pc  to  H_,  we  get  an  upper 
_  3 

limit  of  n^  £  1.4  cm-  for  the  average  molecular  abundance 

(see,  however,  section  B4  of  chapter  V  where  an  analysis  of 
the  z-distribution  of  the  galactic  gas  points  to  a  higher 
density ). 

4.  Inferences  from  Observed  H  I  Cloud  Temperatures 

Since  molecular  hydrogen  may  play  an  important 

14 

role  in  determining  the  temperature  of  H  I  regions,  Kahn 
attempted  to  determine  the  Hg  abundance  from  the  observed 
temperature  from  21-cm  studies.  It  turns  out,  however,  that 
the  required  molecular  concentration  necessary  to  produce  a 
given  temperature  depends  strongly  on  the  value  of  the 
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temperature  chosen,  especially  for  temperatures  below  100°K. 
This  question  will  be  dealt  with.  In  more  detail  later. 

In  summarizing  the  observational  situation  for  inter¬ 
stellar  H  ,  we  can  say  that  there  is  weak  evidence  for  and 
no  evidence  against  its  presence,  and  that  the  present 
observational  data  will  actually  tolerate  a  molecular 
abundance  comparable  to  and  perhaps  even  greater  than  the 
atomic  value. 

C.  Preview 

Most  of  this  work  is  devoted  to  an  analysis  of  the 
various  processes  which  determine  the  abundance  of  inter¬ 
stellar  molecular  hydrogen.  It  will  be  shown  that  the 
principal  mechanism  for  formation  of  Hg  is  that  of 
association  on  the  surface  of  the  interstellar  grains.  The 
range  of  grain  temperatures  where  this  reaction  is 
efficient  is  coincident  with  the  expected  range  5-20°K. 

The  most  Important  dissociative  process  is  the  ionization 
(and  dissociation)  of  clouds  in  random  encounters  with 
bright  stars .  A  balance  results  in  which  the  molecular 
concentration  is  (roughly)  comparable  to  the  atomic  value 
and  in  which  the  molecular  hydrogen  is  spatially  distri¬ 
buted  in  essentially  the  same  manner  as  the  observable 
atomic  hydrogen. 

The  various  implications  of  a  high  molecular  abundance 
are  discussed.  It  is  shown  that  molecular  hydrogen  can 
account  for  the  unobserved  mass  of  dynamical  astronomy. 
Moreover,  it  is  shown  that  the  observed  spatial  distri¬ 
bution  of  the  galactic  gas  implies  a  high  gravitational 

-  v  '^WiiiWrrf  Tfc,  »' »» 1  m  m  *  i 1  MW*— » ***** 
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attraction  near  the  plane  of  the  galaxy.  The  mass  distri¬ 
bution  required  to  produce  this  gravitational  field  is 
essentially  the  same  as  that  of  the  observed  atomic 
hydrogen.  Roughly  ten  times  as  much  mass  as  the  atomic 
hydrogen  is  needed  to  account  for  this  self-gravitation 
effect  and  this  mass  is  attributed  to  molecular  hydrogen. 
The  Integrated  mass  density  above  the  galactic  plane 

(  fp(z)  dz )  determined  in  this  manner  has  about  the  same 
21  3 

value  (2  x  10"  gm-pc/cm  )  as  the  corresponding  quantity 
determined  from  motions  of  stars  perpendicular  to  the 
galactic  plane. 


II.  MECHANISMS  FOR  THE  FORMATION  OF  MOLECULAR 

HYDROGEN  _ 


A.  Radiative  Association 

Under  ordinary  laboratory  conditions  molecules  form  by 
three  body  collisions,  the  third  body  being  necessary  to 
carry  off  the  (negative)  binding  energy  which  results  on 
formation  of  a  stable  molecule.  The  reaction  rate  for  such 
processes  is  proportional  to  the  third  power  of  the  density. 
Since  interstellar  densities  are  very  low,  this  process  is 
negligible  compared  to  radiative  association  (rate 
proportional  to  the  second  power  of  the  density)  in  which 
the  emitted  photon  does  the  Job  of  the  "third"  body.  For 
the  formation  of  H  ,  we  may  write  for  the  number  of 
radiative  recombinations  (H  +  H  — ►  Hg  +  y )  per  cm  per 
second: 

where  ov  is  the  mean  value  (averaged  over  the  velocity 
distribution  of  the  hydrogen  atoms )  of  the  product  of  the 
crossection  for  the  process  and  the  relative  velocity  of 
the  hydrogen  atoms.  To  estimate  a  we  write 

®  ”  ao  ?y  '  (5) 

2 

where  a  (~tt  a_  )  is  the  collision  crossection  and  P„  is 

Q  u  y 

the  probability  per  collision  of  a  radiative  process  leading 
to  a  stable  molecule.  Two  types  of  radiative  process  can 
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lead  to  the  formation  of  a  molecule. 

The  electronic  states  of  the  hydrogen  molecule  which 
result  from,  bringing  two  hydrogen  atoms  In  the  ground  state 
together  adiabatically  are  the  Heltler-London  states  which 
are  the  two  lower  states  shown  in  the  level  diagram  in 
Fig.  1.  The  type  of  process  usually  considered  in  radiative 
association  involves  a  transition  from  a  repulsive  state 
(^2]u+)  to  an  attractive  state  +).  The  radiative 

probability  for  this  process  would  be  calculated  from 

P7  *  g  /  A(R)  dt  ,  (6 ) 


where  g  is  the  weight  (3/4 )  of  the  triplet  state  and  A(R) 

is  the  transition  probability  per  unit  time  for  the 

transition  from  the  repulsive  to  the  attractive  state. 

Again,  the  bar  over  the  integral  means  average  over  the 

velocity  distribution  of  the  hydrogen  atoms.  The  transition 

+  - *  +  required  for  this  recombination  is 

forbidden  (by  the  selection  rule  AS  *  0)  and  so  A(R)  is 

very  small.  The  quantum  mechanical  expression  for  A(R) 
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r  |  3I 

g  '  I  U 
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3  fi  c* 

In  terms  of  the  oscillator  strength. 
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It  will  be  shown  in  section  III-A  that  at  the  equilibrium 

o 

lnternuclear  distance  (R  =  0.74  A)  for  the  ground  state 

°  -9 

the  f-value  for  this  transition  is  ~  10  .  It  should 

2  3 

be  noticed  that  foca>,  Aoca)fK  a).  At  the  temperatures 
of  H  I  clouds  (kT  c  0.01  eV),  few  hydrogen  atoms  will  have 
sufficient  kinetic  energy  before  collision  to  get  very  far 
up  on  the  repulsive  potential  curve.  Most  of  the  contri¬ 
bution  to  (6)  will  come  from  the  classical  turning  point, 
which  for  the  characteristic  energies  of  H  I  clouds,  occurs 
at  large  lnternuclear  separations  where  the  energy  separa¬ 
tion  -fiu>  between  the  two  states  is  small  and  so  where  A  is 
small.  It  will  certainly  be  true  that 

/a(r)  at  «  A(R0)  Tcon  ,  (10) 

where  A(Rq)  is  the  value  (  ~  1  sec-1)  at  the  equilibrium  R 
and  Tcoll  is  the  collision  time  (approximately  equal  to  the 
characteristic  time  for  one  vibration:  ~ 10-1^  sec).  We 
have  then  for  the  crossection  for  radiative  association 


a  «  o0  A(R0)  tco11.  (11) 

(It  is  interesting  to  note  that  the  quantity  A(Ro)  tcq11 
corresponds  to  the  factor  n^  v^  for  5-body  recombinations, 
n^  being  the  number  density  of  the  "third"  body  and  vA  the 


atomic  volume).  At  100°K,  v  -  2  x  10"/  cm/sec,  so  from  (4) 


and  (11), 
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2  .25  5  1 

n  x  10  cm  sec 
H 


(12) 


Clearly,  in  a  galactic  age  of  10  billion  years  only  a 

negligible  amount  of  Hg  could  form  by  this  process. 

As  mentioned  earlier,  there  are  two  types  of  radiative 

recombination.  The  other  way  in  which  a  stable  molecule 

can  be  formed  is  thru  a  vibrational  quadrupole  transition. 

In  this  process  the  two  atoms  collide  in  the  singlet  state 

(g  =  l/4 )  and  during  the  collision  the  system  makes  a 

transition  from  the  vibrational  continuum  of  the  /  state 

1  g 

to  a  bound  vibrational  state  of  X”  ,  emitting  a  quadrupole 

photon.  While  this  process  is  fairly  independent  of 

energy  (temperature)  and  does  not  suffer  as  much  from  the 

shall  go's,  the  characteristic  A-value  is  still  quite  small. 

The  A' s  for  these  vibrational  transitions  are  of  the 
16  7  l 

order  10"  sec"  .  A  summation  over  transitions  to  all 
vibrational  states  might  make  the  effective  A  several  orders 
of  magnitude  larger,  but  it  is  clear  that  this  process  can 
produce  a  reaction  rate  no  larger  than  the  upper  limit 
given  by  (12). 

While  radiative  association  is  completely  negligible 
as  a  mechanism  for  hydrogen  molecule  formation,  other 
processes,  especially  recombination  on  grains,  are  much 
faster.  We  shall  consider  these  processes  in  detail  in  the 


next  sections. 
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B.  Surface  Recombination  on  Interstellar  Grains 
1 .  Basic  Ideas  of  Surface  Recombination 

(a )  Astronomical  time  scale  for  recombination  - 
The  realization  that  the  Interstellar  grains  can  serve  as 
catalysts  for  the  formation  of  Hg  has  existed  since  the 
original  suggestion  by  van  de  Hulst  around  1946.  Since  that 
time,  various  estimates  have  been  made  for  the  rate  of 
molecule  formation  by  this  process.  The  simplest  assumption 
which  one  can  make  in  order  to  calculate  the  reaction  rate 
is  that  every  hydrogen  atom  which  strikes  a  grain  eventually 
leaves  as  part  of  a  hydrogen  molecule  or,  in  the  terminology 
of  Chemical  Kinetics,  that  the  recombination  coefficient 
(y)  is  unity.  With  this  assumption  the  rate  of  formation 
of  Hg  can  be  written  as 

j  J  A  ,  (15) 

2 

where  J  is  the  flux  (number/cm  /sec)  of  atoms  from  the 
surrounding  gas  which  hit  the  surface  and  A  is  the  total 
grain  surface  area  per  cm^  of  interstellar  space.  The  flux 
J  is  simply 

J  ■  fnv  ,  (14 ) 

where 

v  -  /  8kT/nM  ,  (15) 

3 

n  being  the  number  of  hydrogen  atoms  per  cm  .  The  quantity 

17 

A  was  calculated  by  NcCrea  and  McNally  for  spherical 
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grains  with  a  distribution  of  radii  N(r)  =  C 


-  (r/a  )? 
e 
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based  on  the  work  of  Oort  and  van  de  Hulst.  Using  a 

density  for  the  solid  grains  of  1.1  gm/cm^  and  a  temperature 
o 

of  100  K,  the  results  of  McCrea  and  McNally  can  be 

expressed  in  terms  of  the  (smeared  out)  density  of  grains 

p  as 
*g 


=  b  n  pg  '  (l6) 

,  9-1  -13 

where  b  =  4.0-  x  10  gm  sec  cm  .  We  see  that  for  the 

^  3  25  3 

densities  of  H  I  clouds  (n  ~  10  atoms/cm  ,  p  ~  10“  gm/cm  ) 

3  6  7 

a  density  of  1  molecule/cm  can  build  up  in  about  10  yr 
(much  less  than  the  age  of  the  galaxy!  ).  These  figures  are 
for  y  -  1 .  The  right  hand  side  of  (16 )  should  really  have 
a  factor  y  expressing  the  efficiency  of  the  recombination 
process.  While  it  has  generally  been  assumed  that  y  »  1 
for  the  interstellar  conditions,  this  is  by  no  means 
obvious.  The  recombination  coefficient  has  a  very  strong 
dependence  on  the  temperature  of  the  solid  surface  and  on 
the  chemical  nature  of  the  surface.  This  is  evident  from 
the  results  of  experiments  on  surface  recombination  which 
will  be  discussed  in  the  following  section  (section  2).  To 
facilitate  an  understanding  of  these  experiments  we  shall 
spend  the  rest  of  this  section  reviewing  the  basic  principles 
involved  in  surface  recombination. 

(b )  Atomic  forces  in  adsorption  -  As  an  atom 
(or  molecule)  approaches  the  surface  of  a  solid,  it  feels 
a  potential  of  the  form  shown  below. 
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Fig.  2.  Potential  energy  as  a  function  of  distance  from 
solid  surface  normal  case 

At  large  distances,  as  it  approaches  the  solid,  the  atom 

feels  a  weak  attraction  due  to  London  forces  (we  adopt  the 

terminology  that  the  specific  attractive  forces  between  atoms 

6 

and  molecules,  whose  potential  goes  as  r"  ,  are  to  be 
referred  to  as  London  forces;  the  combination  of  London 
forces  and  valence  repulsion,  which  would  be  present  at, 
for  example,  s2,  we  call  van  der  Waal3  forces).  At  shorter 
distances,  the  atom  feels  a  repulsion  and  most  atoms  with 
kinetic  energy  less  than  the  "activation  energy"  A  will 
not  pass  over  the  hump.  The  activation  energy  results  from 
the  necessity  of  breaking  a  chemical  bond  in  order  that  the 
atom  can  be  adsorbed  at  the  equilibrium  position  s  .  The 
binding  energy  q^  is  due  to  valence  forces  and  is  quite 
large  (say,  2  eV),  while  q^  is  due  to  the  weaker  van  der 
Waals  forces  and  is  about  an  order  of  magnitude  smaller  than 
q  .  The  magnitude  of  the  activation  energy  A  depends 
strongly  on  the  nature  of  the  surface  and  the  adsorbing 
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atom  or  molecule.  In  some  circumstances  the  activation 
energy  is  zero  or  very  small,  in  which  case  the  potential 
curve  would  be  of  the  form  shown  in  Fig.  3. 


Fig.  3.  Potential. with  no  activation  energy  for 

adsorption 

There  is  also  the  possibility  that  the  electronic  state  of 
the  (gas  atom)  -  (solid)  system  is  repulsive,  producing  a 
potential  curve  as  below. 


Fig.  4 

Potential  with  an  electronic  repulsion 
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(c )  Dynamical  equilibrium  -  basic  processes  - 
It  is  clear  that  there  are  two  kinds  of  adsorption  -  one  in 
which  the  atom  is  held  by  (strong)  valence  forces  and 
another  in  which  the  atom  is  held  by  (weak)  van  der  Waals 
forces.  Moreover,  a  solid  surface  can  exhibit  both  forms 
of  adsorption  simultaneously.  The  bare  surface  could  be 
attracting  the  atoms  by  valence  forces,  while  above  the 
layer  of  strongly  bound  atoms  another  layer  of  atoms  held 
by  van  der  Waals  forces  could  exist.  The  second  layer  would 
not  interact  strongly  with  the  first  since  the  chemical 
bonds  in  the  first  layer  would  be  saturated.  The  concen¬ 
tration  of  atoms  adsorbed  in  these  two  layers  results  from 
a  condition  of  dynamical  equilibrium  whereby  the  atoms  are 
lost  from  the  surface  by  thermal  evaporation  and  molecule 
formation,  the  surface  atoms  being  replenished  by  the  flux 
of  atoms  from  the  gas  hitting  the  surface. 

Consider  the  case  where  there  is  no  activation  energy 

for  an  atom  of  the  gas  to  adsorb  by  valence  forces.  We 

assume  that  every  atom,  whether  it  strikes  the  bare  or 

covered  surface,  either  sticks  to  the  surface  or  forms  a 

molecule  immediately  on  striking  the  surface.  Let  the  total 

2 

number  of  sites  per  cm  on  the  solid  be  o0.  The  number  of 

2 

occupied  sites  per  cm  in  layers  1  and  2  we  denote  by  o1 
and  Og,  the  corresponding  concentrations  being  9^  s 

and  ©2  *  a2^ao  •  The  e<!uations  of  dynamical  equili¬ 
brium  for  the  two  layers  will  be 
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layer  Is  j(l-©1 )  +  (l-Sj.  )®2ui2  =  U01^91"  ®2  )  + 


2u  0  +  u  © 

12  l  dl  1 


(17) 


layer  2:  J^-©^  =  ud2©2  +  2u12©2  +  (l-Oj.  )®2u12 


+  u  .0 

o2  2 


(18) 


These  equations  are  similar  to  those  of  de  Boer  and  van 
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Steenis.  The  u's  (and  J)  are  rate  constants  for  the 

2  1 

various  processes  and  have  the  dimensions  cm  sec"  .  Many 
of  the  rate  constants  are  very  difficult  to  calculate,  but 
rough  approximate  expressions  can  usually  be  written  down. 

We  now  explain  the  origin  of  the  various  terms  in  (17), 
(l8)  and  enumerate  their  associated  rate  constant 
expressions.*  For  the  present  we  assume  both  solid  and  gas 
to  be  at  the  same  temperature. 

(l )  J  is  simply  the  flux  of  atoms  hitting 
the  surface.  It  can  be  written  as 

J  -  J-n  s/ 81cT/t7M  -  n(kT/h)Fgl/5  ,  (19) 


where 


g 


5/2  5 

(2-nMkT )  /h  . 


(20) 


(li)  u12  represents  the  rate  of  filling  of 
layer  1  by  migrating  atoms  in  layer  2.  It  is  approximately 
given  by 
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u 

12 


(21) 


Here,  kT/h  represents  a  characteristic  frequency  and  D  a 
diffusion  factor.  If  diffusion  is  by  thermal  fluctuations, 
D  is  given  by 


(as) 


where  -yq^,  is  the  energy  barrier  between  adjacent  equilibrium 
sites  in  layer  2.  If  diffusion  is  by  quantum  mechanical 
barrier  penetration,  D  is  given  by 

-  3-  f  |p|  dx 

D  *  e  *  J  m  ,  (25) 

q.m. 

where  the  integral  in  the  exponent  is  over  the  barrier 
between  two  equilibrium  sites.  This  process  will  be  dis¬ 
cussed  more  thoroughly  later.  Sometimes,  (21)  is  written 
as 

U12  =  ao'JoD’  (24) 

the  frequency  factor  kT/h  having  been  replaced  by  the 
characteristic  frequency  yQ  for  vibration  in  the  plane 
of  the  surface. 

(ill)  uQl  represents  direct  molecule  forma¬ 
tion  thru  reaction  between  impinging  atoms  of  the  gas  and 
atoms  of  layer  1.  It  Involves  an  activation  energy  A. 

uQl  =  n  Oo(kT/h)  (Fgf1  e'A/kT  (25) 


(the  first  subscript  o  means  that  the  reaction  is  on  the 
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adsorbed  layer). 

(lv)  u  stands  for  thermal  desorption 
dl 

(evaporation )  from  layer  1 . 

u,  =  a  (kT/h)  e‘'ll/kT  (26) 

dl  ° 

(v )  u  represents  molecule  formation  by 
reaction  between  adjacent  atoms  already  adsorbed  in  layer 
1.  We  treat  layer  1  as  Immobile. 

-A 1  /kT 

un  =  c0  (kT/h)  e  (27) 

(the  subscript  i  means  that  the  reaction  is  in  the  adsorbed 
layer).  Usually  A'  is  rather  large  and  the  process  is 
negligible. 

(vi  )  u  denotes  evaporation  from  layer  2 . 
d2 

u42  -  oo  (kT/h)  (28) 


(vli )  u  is  the  rate  constant  for  the 
reaction  of  two  atoms  in  layer  2  to  form  a  molecule.  It  is 
essentially  the  rate  of  encountering  atoms  and  forming  a 
singlet  state  (probability  *.)  in  diffusing  about  in  layer  2. 


u 


12 


1  kT  _ 
T  ao  h~  D 


(29) 


(viii )  uQg  represents  molecule  formation 
thru  reaction  of  atoms  of  the  gas  with  those  of  layer  2. 
An  approximate  expression  for  uq2  is 

,  (50) 


u 


o2 


1 

=  4  J 
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where  once  again  the  factor  Is  simply  the  probability  of 
forming  a  singlet  state. 

Derviations  of  the  basic  reaction  rate  formulae,  which 

we  have  quoted,  may  be  found  in  any  standard  work  on 

Chemical  Kinetics  such  as  the  book  of  Glasstone,  Laidler 
20 

and  Eyring.  Most  of  the  expressions  are  intuitively 

obvious.  For  example,  the  rate  constant  for  thermal 

evaporation  is  a  product  of  a  factor  representing  the 

number  of  sites  per  cm  (aQ),  a  frequency  factor  (kT/h  or 

V  )  which  may  be  taken  as  a  vibrational  frequency,  and  a 
0  -q/kT 

factor  e  for  the  probability  of  getting  enough  thermal 

energy  from  the  solid  to  escape  over  the  barrier  q.  This 
probability  factor  arose,'.fi*orai:.an  integral  over  a  Boltzmann 
distribution  with  a  threshold  at  q,  thus 

e-q/kT  ^  ^  e-E/kT  ^  _  (51 ) 

So  far,  we  have  assumed  that  a  molecule,  once  formed, 
leaves  the  surface  immediately.  The  validity  of  this 
assumption  will  be  analyzed  later.  Moreover,  reactions 
between  the  two  layers  have  been  neglected.  The  Justifica¬ 
tion  for  this  is  that  the  activation  energy  for  the  reaction 
is  high.  We  see  from  Fig.  2  that  it  is 

A"  -  A  +  qg  ,  (52) 

from  which  we  conclude  that  a  simple  evaporation  from  layer 
2  is  much  more  likely  than  a  reaction  with  atoms  of  layer  1. 
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(d )  High  and  Low  Temperature  Values  of  the 
Recombination  Coefficient  -  We  conclude  this  section  with 
a  brief  discussion  of  the  high  temperature  and  low  tempera¬ 
ture  properties  of  y.  From  the  definition  of  the 
recombination  coefficient  as  the  fraction  of  incident  atoms 
which  eventually  leave  the  surface  as  part  of  a  molecule, 
we  have 


T  ■  !  {uol<®r®2>  +  U11812  +  uo2®2  +  u12e2 2  }  ■ 

At  high  temperatures  evaporation  limits  © to  very  small 
values.  As  long  as  the  temperature  is  not  too  high, 
however,  ©1  is  close  to  unity  and  7  becomes 

-2/5  -A/kT 

Tj  =  2u0l/J  -  2«o  Pg  •  '  O* ) 


Here,  most  of  the  temperature  dependence  arises  from  the 

exponential  factor  and  we  see  that  7  Increases  with 

-2/3 

temperature.  The  factor  2o  F  is  of  the  order  of 

o  g 

unity.  At  low  temperatures,  however,  processes  in  layer  1 
can  be  neglected.  Setting  ©  =■  1,  the  equilibrium  equation 

(l8)  simplifies  to 


J<1  -  V  ‘  Ud2®2  +  uo292  +  2  u12®2 


(55) 


This  equation  can  be  solved  for  ©2  to  give 


+ 


y 


(56) 
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where 


U  "  Ud2  +  uo2  +  J  * 


If  u±2  »  U,J, 


(37) 


9 


2 


I- 


(1 


+  .  .  .  ) 


9 


(38) 


and  the  recombination  coefficient  becomes 

2 


y  =  2 


uo292  +  ui292 


1  - 


U 


f** i? 


(39) 


the  main  contribution  coming  from  ui2.  This  condition 
produces  the  limiting  value  y  — ► 1  with  an  equilibrium 
value  of  ©2  which  is  small.  In  this  case  one  can  easily 
show  that  an  adsorbed  atom  makes  ~  1/©^  *^umps  to  adJacent 
aites  before  encountering  another  atom  with  which  it  can 
combine.  Such  a.  random  walk  process  may  be  pictured  as 
resembling  a  two  dimensional  gaB  whose  atoms  move  about 
with  a  velocity 


v  -  a  VQ  D 


(40) 


a  being  the  distance  between  adjacent  lattice  sites.  The 
one -dimensional  "cross  section"  for  recombination  is 

P~  {p  8  >  (4l ) 

where  p  is  the  effective  number  of  sites  swept  out  by  the 
tail  of  the  attractive  potential  between  two  hydrogen  atoms 
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and  ^.s  of  the  order  of  2  or  3.  We  have  then  for  the 
reaction  r&te : 

2  2_122  2 
u12®2  =  (0o®2  ^  P  v  =  T  P  a  °0  yo  D  ®2  “ 

,  2 

-=-  p  y  a  D  9  (42  ) 

4  Q.,  o  2  '  ' 

It  might  be  argued  that  the  rate  (42 )  has  been  over¬ 
estimated  since  in  the  random  walk  there  should  be  many- 

repeat  passages  and  only  the  number  of  new  sites  swept  out 

21 

should  be  counted.  It  can  be  shown  that  the  probability 
of  coming  back  to  the  original  starting  point  in  a  two 
dimensional  symmetric  random  walk  after  2n  Jumps  is 


For  large  n  we  have,  using  Stirling's  approximation, 

w2n  — ►  (t  n)  (44) 

We  could  put  a  lower  limit  on  ui2  by  dividing  u i2  by  the 

number  of  repeat  passages  in  the  random  walk.  Essentially, 

this  would  assume  that  to  recombine,  the  atoms  must  actually 

Jump  to  a  site  already  occupied.  However,  we  know  that  the 

atoms  need  only  come  within  2  or  5  lattice  sites  to 

recombine.  The  result  will  then  surely  be  a  conservative 

lower  limit.  If  the  total  number  of  Jumps  in  time  t  is 

N  (*  voD  t),  then  the  number  of  repeats  is 
n/i  v/a 

m  =  Z  w2n  n)’  — * *  7 in  (|) 

V*  H'l 


(45) 
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We  see  that  this  number  is  of  the  order  of  unity  since 

ln(£p)  ~  In (l/20)  ~  10  -  20.  Thus  we  shall  ignore  this 

effect  and  take  (42)  as  the  correct  rate  formula. 

2 .  Experiments  on  Surface  Recombination 

(a )  Older  experiments  -  temperature  behavior  - 

An  extensive  literature  exists  on  the  catalytic  properties 

of  different  surfaces.  Unfortunately,  most  of  the  work  is 

carried  out  at  high  temperatures.  The  interstellar  grains 

o 

have  temperatures  around  10  K  and,  as  shown  in  the  last 
section,  the  low  temperature  mechanism  is  quite  different 
from  that  at  high  temperatures.  Nevertheless  one  finds  in 
the  literature  on  the  hydrogen  molecule  problem  several 
references  to  experimental  work  done  at  high  temperatures. 
To  emphasize  the  different  behavior  of  the  recombination 
coefficient  at  low  and  high  temperatures  we  shall  analyze 
the  y  vs.  T  curve  for  the  recombination  of  H-atoms  on 
glass,  paying  particular  attention  to  the  region  of 
changeover  from  one  mechanism  to  the  other.  We  shall  show, 
moreover,  how  one  can  obtain  important  information 
pertaining  to  low  temperatures  from  the  behavior  of  y  in 
this  region. 

The  combination  of  experimental  results  of  several 

workers  leads  to  the  schematic  y  vs.  T  curve  shown  below 

(this  curve  is  taken  from  the  paper  of  Shuler  and 
.  22 

Laidler ). 
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Recombination  Coefficient  for  Hydrogen  Atoms  on 
a  Clean  Class  Surface 

At  high  temperatures  the  recombination  occurs  on  the  bare 
surface  thru  the  mechanism  uQl,  while  at  low  temperatures 
the  recombination  occurs  in  the  van  der  Waals  layer  by  the 
mechanism  u12.  Consider  the  region  around  the  minimum. 
Here,  both  mechanisms  are  relatively  ineffective.  For 
layer  1,  the  temperature  is  too  low  for  the  incoming  atoms 
to  get  over  the  activation  energy  barrier.  For  layer  2, 
the  temperature  is  too  high  for  the  weakly  adsorbed  atoms 
to  stay  long  enough,  i.e.,  they  evaporate  off  before  they 
have  a  chance  to  recombine.  Under  these  conditions,  the 
equilibrium  equations  '17)  and  (l8)  simplify  to 

J(l^)  +  (1^)»2  ^  =  UQi  (®i  “  ®2 )  (46) 

jCe^Gg)  -  ud2  e2  +  2  u±2  eg2  +  (l-e^e,,  u12,  (47) 
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with  Y  given  by 


Y  '  7  (U0l  81  +  ui2  ®22)  ’ 

The  approximate  solution  of  (46)  and  (47)  is 


9 


1  ~  e2~  ®1  J/Ud2a  j/ui2  ■ 


We  take  for  the  rate  constants 

kT  -1/5 
J  =  n  f 
h  g 


u  =  n  a  ^  F  "1  e~A//kT 
ol  o  h  g 


“a*".? 


(48) 


(49) 


(50) 

(51) 

(52) 


ui2  fl0r  e“  7Q2/kT  (thermal  walk),  (55) 


which  gives  for  y: 

-2/>  ,-AM  +  1  „  „  p  -1/2  .-(2  JqgAT 

(54) 


■>  -  2oo  Fg 


g 


•  r0l  * 

We  can  write  (54)  as 

•y  -  a  e*a^  +  (S  ^ 


(55) 


where  a  and  p  have  only  a  weak  temperature  dependence. 
This  equation  shows  clearly  how  a  minimum  arises.  To  the 
right  of  the  minimum  reactions  occur  predominantly  on  the 
bare  surface  (the  term  o  e"a/^T),  while  to  the  left  of  the 
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minimum  recombination  takes  place  in  the  second  layer 
b  /T 

(the  term  P  e  ).  Actually,  one  can  obtain  some  important 
information  from  equation  (55).  The  process  capable  of 
destroying  the  low  temperature  limiting  value  y — »  1  is 
evaporation.  Prom  (59)  we  get  a  condition  for  y  to  be  close 
to  unity 

-l/2 

U  (2  u12  J)  «  1.  (56) 


Substituting  for  U  the  expression  for  u^2  and  for  u^2  and 
J  their  respective  rate  constant  formulas  we  have  the 
condition 


^(2  -  7  )At 


» 


2  a 

o 


(57) 


Clearly,  the  value  of  ^  determines  the  temperature  below 
which  7  — *  1.  Prom  a  knowledge  that  the  minimum  of  (55 ) 
occurs  at  -80°C  (195°K),  we  can  determine  q^  and  hence  the 
temperature  Tq  below  which  the  recombination  coefficient  is 
close  to  unity.  By  setting  hJ  in  (55)  equal  to  zero  at 
T  -  195°K,  we  have  a  relation  for  the  binding  energy  qgi 


_  *  _  o  a  -a/T 

X  e  ■  ir  nr  e  , 


F  T 


(58) 


where 


x  -  b/r  -  (2  -  7  )qgAT  .  (59) 

A  fairly  accurate  value  of  a  may  be  determined  from  the 
observed  value  (  =r  0.03)  of  y  at  300°K  and  the  experimental1^ 
value  of  A  of  0.9  kcal/mol  (■  0.039  eV).  Substituting  these 
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values  and  using  the  typical  laboratory  density  of  . 

15  3 

n  =  10  cm"  ,  we  find  by  solving  (58)  by  iteration 
that  x  =  12.84.  With  ^  (a  typical  value  for  solids), 

we  get  for  q^ 

q2  =  0.145  eV. 

Substituting  this  value  into  (57)  we  find  a  Tq  of 

T  =  125°K 
o 

in  rough  agreement  with  experiment. 

(b )  Recent  Experiments  -  The  experimental  work 

which  is  by  far  the  most  pertinent  to  the  hydrogen  molecule 
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problem  is  that  of  Brackmann  and  Fite.  These  authors 

directed  a  beam  of  partially  dissociated  hydrogen  at  a 

liquid  helium  cooled  copper  surface  and  measured  the 

reflection  probability  of  atomic  and  molecular  hydrogen. 

The  beam  was  a  thermal  one  (T  =»  80°K)  and  had  a  density  of 
9  3 

about  10  particles  per  cm  ,  while  the  temperature  of  the 

o 

copper  surface  was  varied  from  about  80  K  down  to  about 
3°K.  The  results  for  the  reflection  probability  P  of  hydro¬ 
gen  atoms  can  be  represented  by  the  schematic  curve  shown 

in  Fig.  6  (T  is  the  temperature  of  the  surface).  In  the 
s 

region  of  the  minimum  (10°  <  T^  <  20°)  it  was  definitely 

established  that  the  low  reflectivity  was  due  to  molecule 

formation  on  the  surface.  The  character  of  the  surface  can 

be  expected  to  change  as  the  temperature  T  is  lowered.  At 

s 

different  temperatures  the  different  gases  present  in  the 
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Reflection  probability  of  a  surface  at  very  low  temperature 

vacuum  system  will  condense  on  the  surface.  Brackmann  and 

Fite  suggest  that  in  the  region  of  the  minimum  the  surface 

consists  of  frozen  air  with  a  layer  of  ice  underneath  which 

had  condensed  at  higher  temperatures  (around  77°K).  They 

o 

also  suggest  that  the  peak  at  4  K  results  from  a  surface 
of  molecular  hydrogen  which  apparently  has  a  high  reflectivity. 
However,  they  express  concern  over  the  fact  that  this 
molecular  hydrogen  surface  must  begin  to  form  already  at 
10°K  while  "vapor  pressure  data"  would  not  allow  molecular 
condensation  above  about  5°K.  While  it  is  true  that  solid 
molecular  hydrogen  would  form  only  below  about  5°K  at  the 
pressures  encountered,  one  cannot  conclude  that  a  monolayer 
of  Hg  would  not  form  for  higher  temperatures.  The  surface 
below  this  monolayer  could  give  rise  to  higher  (van  der 
Waals)  binding  forces  than  would  a  surface  of  pure  solid 
Hg.  As  a  matter  of  fact,  stronger  binding  forces  would  be 


33. 


expected,  since  van  der  Waals  binding  energies  are 
proportional  to  the  product  of  the  polarizabilities  of  the 
adsorbing  molecule  (Hg  )  and  the  molecular  constituent  of 
the  solid,  and  Hg  has  a  rather  low  polarizability  compared 
to  say,  Og  or  Ng . 

Clearly,  the  low  temperature  behavior  of  a  solid 
surface  is  quite  complex.  The  following  three  sections 
(3*  4  and  5)  are  devoted  to  a  more  thorough  treatment  of 
the  properties  of  solid  surfaces  and  the  low  temperature 
behavior  of  the  recombination  coefficient . 

3.  Calculation  of  the  Force  Field  Above  a  Solid  Surface 

(a )  Chemical  composition  and  lattice  structure 
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of  the  interstellar  grains  -  Van  de  Hul3t  has  shown  that 
the  most  abundant  constituent  of  the  interstellar  grains 
is  probably  ice  formed  thru  the  chemical  reactions 


H  +  Og  — ► 
HOg  +  H  ► 


HOg  +  40  kcal  (l  eV  at  23  kcal/mol ) 

( H  O  +  101  kcal 
)  2  2 

\h2  +  Og  +  63  kcal 


H  +  HgOg  — *  HgO  +  OH  +  64  kcal. 


He  suggested  the  following  relative  composition  for  the 
grains 

100  molecules  HgO 
30  molecules  H 

2 

20  molecules  CH^ 

10  molecules  NH^ 


5  molecules  MgH,  etc.. 


the  values  being  very  uncertain  since  it  depends  strongly 

on  temperature  whether  the  molecule  "freeze  down".  The 

H2  concentration  is  especially  uncertain  since  H 2  will 

adhere  to  the  surface  of  the  solid  only  at  very  low 

temperatures.  As  a  solid  the  interstellar  grains  would 

be  classified  somewhere  between  a  hydrogen  bonded  crystal 

and  a  molecular  crystal,  the  former  being  held  together  by 

25 

the  quasi-chemical  hydrogen  bond,  the  latter  by  van  der 

Waals  forces.  The  crystal  structure  of  ice  is  believed  to 
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be  similar  to  that  of  wurtzite  with  each  oxygen  atom 
surrounded  tetrahedrally  by  four  other  oxygen  atoms  each 
at  a  distance  of  about  2.8  X.  Because  of  its  geometry, 
this  is  a  rather  difficult  structure  to  deal  with  and  since 
the  surface  of  the  grains  probably  has  a  number  of  adsorbed 
atoms  or  molecules  on  it  which  further  complicates  matters, 
we  take  the  following  model  for  the  purposes  of  making 
calculations:  a  body  centered  cubic  lattice  with  identical 
force  centers  situated  at  the  lattice  points.  With  respect 
to  any  such  force  center  as  origin,  this  type  of  lattice 
has  force  centers  at  x^  yA,  z 1  =  ip,  (i  +  ^-)p  with 
i  =  0,  1,  2,  5,  ...  .  The  density  of  force  centers  is 

3 

then  n  =  2  p"  .  We  take  the  surface  of  the  solid  to  be 
uniform,  that  is,  to  correspond  to  atoms  at  some  integer 
(or  half  integer)  value  of,  say,  z  (see  Fig.  7). 
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Fig.  7 

Idealized  solid 


Our  task  is  to  calculate  the  potential  field  above  this 
solid. 


(b  )  Binding  forces  -  summation  over  lattice 
sites  -  Here  we  are  interested  in  binding  caused  by  van  der 
Waals  forces  and  to  calculate  the  potential  as  a  function 
of  height  above  the  surface  we  take  a  Lennard-Jones  (6-12 ) 
type  of  potential  for  the  energy  of  interaction  between  the 
adsorbed  atom  (or  molecule)  and  the  lattice  sites.  This 
potential  is  of  the  form 


Wr)  -  [(f)12  -  (f)6J  -  <PV  *  PL  - 


(60) 


and  represents  an  attraction  due  to  London  forces  (  (jp  ) 

L 

and  a  valence  repulsion  ( <pv).  The  function  has  a  minimum 

1/6 

value  of  -e  at  r  *  2  a.  Its  chief  attribute  is  that  it 
is  characterized  by  only  two  parameters:  the  strength 
parameter  e  and  the  range  parameter  a,  both  of  which  can 
be  determined  by  experiment.  We  assume  the  potential  energy 
of,  say,  the  hydrogen  atom  above  the  surface  with  the 
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lattice  points  to  be  additive.  Then  the  potential  energy 
of  interaction  of  the  adsorbed  atom  and  the  solid  as  a 
function  of  height  above  the  solid  is 

<P( h)  -  X^fhfri).  ,  (61) 

where  the  sum  is  over  the  lattice  sites.  To  evaluate 
<p{h),  we  sum  over  the  nearby  atoms  in  the  top  layer  of 
the  solid  and  approximate  the  contribution  from  the  more 
distant  lattice  sites  by  smearing  them  out  and  replacing 
their  sum  by  an  integral.  Because  of  the  shorter  range  of 
the  valence  repulsion,  these  distant  atoms  will  contri- 


for  4-  by  smearing  out  all  the  atoms  of  the 

solid  and  replacing  the  sum  by  an  Integral  (see  Fig.  8). 
Such  an  expression  would  be  valid  for  large  distances  from 
the  surface. 


Fig.  8 


Uniform  solid 
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n 


2 7rp  dp  dx 
[(x  +  h)2  +  p2Jj5 


n7T  1  _  3  i_  1 _ 

O  1?  3  h2 


(hi  r±) 


4e 


(62) 


From  this  expression  one  also  gets  the  approximate 
expression  for  the  contribution  from  the  atoms  in  all  the 
layers  below  the  top  to  be 


'  <h;ri) 

4e 


(63) 


The  s\im  from  the  distant  atoms  in  the  top  layer  may  be 
approximated  by  a  similar  integral  (see  Fig.  9). 


Uniform  surface  layer 
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y  -6  r  .e 

4-ri  Jr  nc 


2 Trp  da  (n  =  p"  ) 


=  27 r  p' 


2  .  ,2,-3 


1  _2  2  2 


_2 


(P  +  h  )  p  dp  =  i  7T  p"  (R  +  h  ) 


4e 


*  (a  ?  (  °2  \ 

-  (-)  X  (  -  )  ■ 

2  P  R2  +  h2 


(64) 


These  formulae  are  useful  for  computing  <£?( h). 


(c  )  Potential  curves  -  There  are  three  types  of 
locations  above  the  lattice  plane  which  have  a  symmetry  and 
which  therefore  could  be  positions  of  minimum  energy  (equili¬ 
brium  positions).  They  are  shown  below  ("a"  and  "b"  denote 
the  nearby  atoms  in  the  top  layer;  Mo”  denotes  the  position 
of  symmetry  in  the  lattice  plane). 

Case  A:  above  the  midpoint  of  four  surface  atoms 


Jr 


4  » 


ir  • 


CL 


a 


2  2  2 

4  a-atoms  r  -  h  +  p  /2 
& 

8  b -atoms  r  2  =  h2  +  5p2/2 
b 


Case  B:  above  a  surface  atom 

4  cl  ir 

•  •  t 

1  atom  below 


2  V2 

r  =  h 


Ar 


2  2  2 

4  a-atoms  r  =  h  +  p 

a 

2  2  2 
4  b-atoms  r  =  h  +  2p 
b 
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Case  C:  above  the  midpoint  of  two  atoms 

2  2  2 

2  a-atoms  r  =  h  +  p  A 
a 

2  2  2 

4  b-atoms  r  =  h  +  5p  A 
b 

The  shape  of  the  resulting  potential  curves  depends  only- 

on  the  ratio  a/p.  The  range  a  of  the  interaction  potential 

between  an  adsorbing  H-atom  and  a  lattice  atom  may  be 

expected  to  be  similar  to  that  of  the  interacting  H-H2 

system.  The  Interaction  potential  for  this  system  has  been 

calculated  by  Margenau  and  the  curve  is  reproduced  in  the 
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book  of  Hirschf elder,  Curtiss  and  Bird.  The  range  of 

this  interaction  is  roughly  3  X,  and  the  strength  e  is 
-15  15 

between  3  x  10  erg  and  5  x  10*  v  erg,  depending  on  the 
relative  orientation  of  the  hydrogen  molecule.  Since  density 
considerations  for  ice  suggest  a  value  for  p  of  about  3  X, 
we  take  for  our  calculations  a/p  =  1.  The  results  of  the 
calculation  of  <j^(h)  for  these  conditions  is  presented 
in  Fig.  10  below. 

At  large  distances  from  the  surface  the  three  curves 
Join  and  go  as  h~^.  As  one  might  expect,  the  lowest 
energy  occurs  for  Case  A.  It  is  interesting  to  note  that 
(  ^nAe)  or  -1.5,  while  for  the  interaction  of  a  single 
pair  of  particles  (  ■  -0.25.  The  larger  binding 

energy  for  the  atom-solid  system  results,  of  course,  from 
the  additivity  of  the  London  potentials.  Generally,  the 


binding  energy  to  the  solid  is  5  to  10  times  larger  than 
that  for  a  single  pair  of  particles. 
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(i )  thermal  movement  (no  barrier) 

_  1/2 

velocity:  ~  (kT/M)  (65-i ) 

(this  type  of  movement  would  occur 
only  for  very  "smooth"  surfaces ) 

(ii )  thermal  random  walk  (with  barrier) 

velocity:  A  VQ  (65-ii) 

( A  :  periodicity  of  the  lattice  - 

usually  equal  to  p;  vq:  frequency  of  zero  point  motion 
in  the  lattice  plane;  :  height  of  barrier) 

(iii)  quantum  mechanical  random  walk 
(barrier  penetration ) 

velocity:  m  -  A  \>Q  e-t  (65-lii ) 

ra' 

(t  =  2/fi  /  |  p |  dx;  no  temperature 

a 

dependence ) 

The  barrier  is,  of  course,  that  encountered  in  going  from 
one  position  of  minimum  energy  to  an  adjacent  one.  The 
path  of  the  atom  need  not  be  constrained  to  a  fixed  height 
above  the  lattice  plane  and  in  fact  the  quantum  mechanically 
"easiest"  path  might  correspond  to  values  of  h  greater  than 
the  equilibrium  value  since  the  height  VQ  of  the  barrier  is 
likely  to  be  smaller  for  larger  values  of  h  (see  Fig.  11 
below). 
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Curve  "a"  might  correspond  to  the  position  above  the  mid¬ 
point  of  four  lattice  sites,  curve  "b"  to  points  above  the 
midpoint  of  two  sites,  the  path  being  as  below  (Fig.  12). 


•  •  • 

a  a' 

» — > — ?x. 

•  •  • 

Fig.  12 

Path  of  migrating  atom 

.  t 

The  quantum  mechanical  barrier  penetration  factor  \e”  ) 

2  fa' 

with  t  =  ^  y  |p|dxisa  result  of  the  WKB  method  applied 
to  one  dimensional  motion.  Very  little  has  been  done  in 
the  application  of  the  WKB  method  for  two  and  three 
dimensional  barriers.  The  wave  function  for  vibrational 
motion  perpendicular  to  the  solid  has  considerable  spread 
and  consequently  the  surface  atoms  would  be  found  at 
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various  heights  above  the  surface.  We  make  the  following 
assertion  as  to  the  value  of  the  quantum  mechanical 

v  tv 

average  (  e-  >  : 

( e_t)  -  /e-t(h)  elk.  (66) 


Here,  d/  ( h)  Is  the  normalized  wave  function  for  vibra- 
To 

tional  motion  perpendicular  to  the  surface  and  t(h)  is 
the  exponent  of  the  one  dimensional  barrier  penetration 
factor 


lp(x}h)  I  dx 


(67) 


Actually,  since  the  surface  atoms  can  exist  in  several 
vibrational  states  v  which  would  be  populated  according  to 
a  Boltzmann  distribution,  a  more  accurate  expression  than 
(66 )  would  be 


Z'/e-tv(h)  .-VkT 


^(h)  dh 


(68) 


In  this  case,  the  barrier  penetration  factor  is  tempera¬ 
ture  dependent.  However,  for  the  low  temperatures 
encountered  in  interstellar  grains,  Ev/kT  >>  1  and  the 
main  contribution  to  the  sum  in  (68)  comes  from  the  ground 
state.  Thus  we  shall  use  the  simpler  expression  (66).  In 
the  periodic  potential  over  the  solid  surface  we  neglect 
the  higher  Fourier  components  and  take 


44. 


V(x;h)  =  \  VQ  (h )  (1  -  cos  2tt  —)  (69) 


Expanding  (69)  for  small  x,  we  find  for  the  frequency  of 
zero  point  motion  in  the  lattice  plane  ; 


(70) 


If  in  computing  the  factor  t(h),  we  neglect  the  zero  point 
energy  from  (70),  we  have 

4(h)  =  \  /m  VQ(h7  J  1  -  cos  2tt  ^  dx 

=  7?  \T2  MVh>  •  <71) 

The  form  of  dt  to  be  taken  depends  on  which  region  of  h 
To 

contributes  most  to  the  integral  in  (66).  If  most  of  the 

contribution  comes  from  the  region  near  the  equilibrium 

position  h  ,  then  \D  can  be  taken  to  be  a  gaussian 
o  r  o 

'kW  -  (f)lA  •'  ia(h'h°)  (0  -  May1*).  (72) 

If  the  main  contribution  comes  from  large  h,  then  a  WKB 
wave  function  would  be  more  appropriate  for  ^/Q(h): 

_l/2  1 

v^>o(h)  -  C'OpI  )  exp  (-ff  J  |p(z')|dz').  (75) 

In  either  case  we  can  write  formally 

oc  e-f(h>  ,  (74) 


and  can  say  that  except  for  a  numerical  factor  of  order 
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unity. 


max  exp 


[-(t(h) 


(75) 


4 .  Thermal  Evaporation  and  Multilayers 

(a)  The  critical  temperature  -  When  a  solid 
surface  Is  in  contact  with  a  gas,  an  equilibrium  concen¬ 
tration  of  adsorbed  atoms  (or  molecules)  exists  which  is 
determined  by  evaporation  and  replenishment  from  the  gas. 
The  equilibrium  concentration  0  can  be  found  from  the 
equation 

J(1  -  9)  =  0  va  e_Cl/kT  ,  (76) 

o  o 


where  q  is  the  binding  energy  to  the  surface, 
for  0,  we  have 


0  =  (1  + 


_q/kT. -1 
k  e  I 


Solving 

(77) 


where 

*  =  V0o/J  .  (78) 
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At  the  densities  of  interstellar  space,  *  ~  10  »  1,  so 

that  9  has  a  very  sharp  dependence  on  temperature  (see 
Fig.  15  below). 


i.o 

8 


± - * 

Z  T 


Fig.  15 

Surface  concentration  as  a  function  of  temperature 
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Below  a  critical  temperature  T  the  surface  becomes  covered 

c 

with  adsorbed  atoms  or  molecules.  This  analysis  assumes 

that  atoms  from  the  gas  which  hit  the  surface  stick  to  it 

or,  in  other  words,  that  the  accommodation  coefficient  a 

24 

is  close  to  unity.  Van  de  Hulst  has  argued  that  it  is 
indeed  probable  that  for  interstellar  grains  a  is  close  to 
one.  The  interstellar  grains  are  likely  to  be  at  a  very 
low  temperature  and  while  it  is  known  that  for  bare  metal 
surfaces  a  — *•  0  as  T  — *  0,  it  is  also  known  experimentally 
that  for  gas -covered  surfaces  a  — *  1  as  T  — *  0.  As  van  de 
Hulst  has  remarked,  the  surface  condition  of  the  inter¬ 
stellar  grains  is  likely  to  approximate  that  of  a  gas- 
covered  solid.  Actually,  it  is  quite  reasonable, 
physically,  that  such  a  surface  would  exhibit  efficient 
kinetic  energy  exchange  properties,  since  a  surface  with  a 

layer  of  adsorbed  gas  would  be  "softer"  than  a  bare 
28 

surface.  Landau  has  shown  that  at  low  temperatures  and 
under  certain  circumstances  of  energy  exchange  (which  are 
likely  to  be  appropriate  to  the  interstellar  grain  problem), 
the  accommodation  coefficient  is  inversely  proportional  to 
the  cube  of  the  Debye  temperature.  The  adsorbed  gases 
might  be  thought  of  as  decreasing  the  effective  Debye 
temperature  of  the  solid.  We  shall  assume,  therefore,  that 
the  sticking  probability  for  atoms  on  the  interstellar 
grains  is  unity.  It  is  clear,  then,  that  the  critical 
temperature  T  is  determined  only  by  the  binding  energy  q 
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and  the  parameter  tt  thru  the  relation 


eqArc  _ 


Jt 


(79) 


(b )  Adsorption  energies  -  For  the  interstellar 
grains  it  is  likely  that  all  interstellar  atoms  and 
molecules  except  He  and  Hg  are  retained  indefinitely  on  the 
surface.  For  solid  molecular  hydrogen  to  grow  in  inter¬ 
stellar  space  the  temperature  of  the  grains  would  have  to 
be  less  than  2.5°K.  It  is  quite  possible,  however,  that 
for  temperatures  well  above  2.5°K  the  interstellar  grains 
may  have  a  monolayer  and  perhaps  even  a  double  layer  of  Hg 
covering  the  surface.  As  mentioned  earlier,  a  bare  solid 
surface  which  is  of  different  constitution  than  the  Hg  is 
likely  to  bind  the  adsorbed  H2  more  strongly  than  if  it  were 
solid  molecular  hydrogen.  The  reason  for  the  small  Hg-Hg 
interaction  energy  is,  of  course,  that  the  molecule  has  a 
relatively  small  polarizability.  Binding  Is  due  to  the 
attractive  part  of  the  6-12  potential  which  represents  the 
London  force.  The  London  interaction  potential  energy  of 
Interaction  between  two  atomic  systems  a  and  b  is  roughly 
given  by 


£  Ea  Eb  aa  % 
2  Ea+Eb 


(80) 


where  E&  and  E^  are  characteristic  excitation  energies  of 
the  species  (approximately  equal  to  the  ionization  energies ) 
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and  aa  and  are  the  respective  polarizabilities.  Some 
molecules  which  might  be  candidates  for  constituents  of  the 
interstellar  grains  are  tabulated  below  along  with  their 

29 

respective  electronic  polarizabilities. 


TABLE  1.  POLARIZABILITIES  OF  SOME  SPECIES 


*P 


Molecule 


a  x  IQ25  (cm^) 


H, 


N, 


NH-, 

OH., 


h2o 


7.9 

17.6 

l6.o 

22.6 

26.0 

14.9* 


47^  a/3  tabulated  in  L-B. 


Bond  Bond  Polarizability  x  102~*  (cm^) 

C-H  6.5 

H-N  7.5 


In  the  calculation  of  binding  energies  we  shall  express 

interaction  energies  in  terms  of  the  parameter  e  in  the 

15 

H  -  H2  system  which  we  take  as  e  =  4.0  x  10“  erg.  The 

15 

experimental  value  for  ^  is  about  5.0  x  10"  erg. 

Since  the  excitation  energies  for  H  and  Hg  are  approximately 
the  same,  we  shall  assume  that  the  interaction  of  H  and  H2 
with  any  atom  or  molecule  (X)  will  be  related  by 
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€H-X  .  ,  % 

— -  =  4/5  .  (81) 

h2-x 

It  is  Interesting  to  note  that  (80)  would  predict  that  the 
ratio  of  the  interactions  would  roughly  be  equal  to  the 
ratio  of  the  respective  polarizabilities.  The  ratio  of  the 
polarizabilities  turns  out  to  be  0.84  which  is  close  to 

4/5. 

The  calculation  of  potential  curves  for  adsorption  was 
described  in  the  last  section  (section  3),  and  the  results 
for  a  homogeneous  solid  with  a  bare  surface  were  presented 
in  Fig.  10.  We  now  consider  the  case  where  the  surface  is 
covered  with  hydrogen  molecules,  the  molecules  being 
situated  at  the  equilibrium  positions  above  the  midpoint 
of  four  surface  atoms  of  the  bare  solid.  Taking  these 
molecules  as  fixed  force  centers,  the  potential  curves  for 
the  adsorption  of  H-atoms  on  this  Hg -covered  surface  can  be 
calculated.  We  shall  assume  that  the  range  parameter  for 
the  H  -  Hg  interaction  is  the  same  as  that  for  the  H  -  X 
(H  -  solid  atom)  interaction.  The  results  for  a  - 

2e  are  shown  in  Fig.  14.  Here,  h  is  measured  from  the 
equilibrium  position  of  the  Hg  layer.  Fig.  15  shows  how 
the  affinity  to  an  Hg-covered  surface  varies  when  the 
strength  parameter  for  the  interaction  with  the  bare  surface 
atoms  is  changed.  Clearly,  one  could  go  on  and  consider 
the  field  produced  by  a  solid  with  a  double  layer  of  Hg  and 


The  potential  curves  in  case  a  are  ahown  for 
Various  other  Values  of  the  parameter  e 
in  Fig.  15.  ° 
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to  that  shown  in  Fig.  16  below. 


Surface  concentration  as  a. function  of  temperature- 

critidal  temperatures 

Below  2.5°K,  solid  H_  would  grow. 

d 

(c )  Vibrational  energy  transfer  on  recombination 
The  critical  temperatures  below  which  a  layer  is  formed 
depend  on  the  Hg  density  in  the  surrounding  gas  although 
not  strongly.  It  will  be  shown  later  that  one  can  expect 
molecular  densities  in  H  I  clouds  comparable  to  that 
of  the  atomic  densities  on  the  average.  If,  however,  the 
molecules  which  recombine  on  the  surface  of  the  grains  do 
not  leave  immediately  but  come  to  equilibrium  with  the 
solid,  then  the  density  which  determines  T  is  that  of 

C 

the  atomic  hydrogen.  In  previous  papers  on  the  subject, 
it  has  generally  been  assumed  that  since  on  recombination 
4.5  eV  of  excess  energy  is  available,  the  molecule  formed 
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will  immediately  leave  the  surface.  This  is  not 
necessarily  the  case.  The  4.5  eV  of  excess  energy  is 
vibrational  energy  and  for  the  molecule  to  escape  from 
the  solid,  this  internal  energy  must  be  transferred  to 
translational  energy.  Moreover,  this  energy  transfer 
would  have  to  occur  in  roughly  half  the  period  tv  of 
vibration  of  the  molecule.  If  we  denote  by  M  the  mass 
of  the  hydrogen  atom  and  by  F  the  mean  force  exerted  on 
the  molecule  by  the  crystal  as  the  molecule  vibrates,  then 
the  average  kinetic  energy  of  translation  which  the 
molecule  acquires  is 

T  =  p^/4M  =* 


The  mean  force  F  can  be  taken  to  be  (see  Fig.  17) 


F  ~  ^  f/A 


Potential  across  a  surface 
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We  take  the  orientation  of  the  molecule  to  be  as  shown  in 
Pig.  17  since  the  recombination  is  likely  to  take  place 
thru  the  mechanism  u^  (recombination  between  two  atoms  in 
the  same  layer).  Clearly,  T  is  to  be  compared  with  q. 

We  get 


1 

i5m 


(84) 


With  tv  ~  10-15  sec,  A  z  3  q  0.02  eV,  we  get 

6 

T/q  ~  10"  which  would  seem  to  indicate  that  not  enough 
energy  is  transferred  for  the  molecule  to  escape  from  the 
solid.  This  reasoning  is  perhaps  a  bit  pessimistic.  It 
is  conceivable  that  in  the  recombination  process  during 
which  the  atoms  are  attracting  themselves  by  the  strong 
valence  force  of  the  singlet  state,  the  energy  transfer  to 
the  solid  (Debye  phonon)  necessary  to  form  a  bound  system 
occurs  while  the  two  atoms  are  situated  at,  say,  the  mid¬ 
point  between  two  equilibrium  sites.  As  energy  is 
transferred,  the  vibrational  wave  function  for  the  molecule 
shrinks  and  the  two  atom  system  becomes  more  like  a 
composite  particle.  Now,  during  the  recombination  the 
molecule  is  likely  to  be  found  at  a  height  above  the  solid 
equal  to  the  equilibrium  h  (for  Case  A).  If  the  potential 
curve  for  Case  C  (midpoint  between  the  equilibrium  sites) 
is  positive  at  this  height,  the  molecule  might  then  get 
enough  kinetic  energy  (in  sliding  down  the  potential  curve ) 
to  escape  from  the  surface.  However,  as  both  Pig.  10  and 
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Fig.  14  show,  curve  C  is  negative  at  the  equilibrium  h 

for  curve  A.  For  a  more  irregular  surface,  however,  a 

pcs itive  value  is  conceivable.  Actually,  it  is  quite 

immaterial  for  the  hydrogen  molecule  problem  whether  this 

happens  or  not  since  if  the  Hg  layer  .does  not  form  thru 

atomic  recombination,  it  will  form  because  of  the  flux  JV. 

H2 

of  H2  molecules  in  the  surrounding  gas.  As  long  as  the 
H2  density  is  comparable  to  the  atomic  density,  the  value 
of  T  can  for  all  practical  purposes  be  calculated  using  a 
J  for  the  atomic  density.  It  may  be  well  to  point  out 
here  that  the  relaxation  time  for  forming  a  layer  of 
hydrogen  is  aQ/ J  ~  100  yr  so  that  there  is  plenty  of  time 
for  a  layer  to  build  up.  This  time. is,  however,  long 
compared  to  the  fraction  of  a  second  which  an  H-atom  spends 
on  a  grain  before  it  encounters  (on  migration)  another  atom 
to  combine  with. 

While  for  the  H2  problem  it  does  not  matter  whether 

the  molecules  formed  on  the  surface  leave  immediately  or 
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not,  it  is  crucial  for  the  suggestion  of  McNally  that  CH 
can  form  on  the  Interstellar  grains  that  the  CH  molecule 
should  leave  the  surface  Immediately  -  i£  this  molecule 
would  not  evaporate  at  the  particular  value  of  temperature 
which  the  grains  have. 

5.  The  Recombination  Coefficient  at  Low  Temperatures  - 
It  appears  likely  that  the  most  important  mechanism  for 
formation  on  grains  is  by  u^  in  which  the  surface  atoms 
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which  are  held  by  van  der  Waals  forces  migrate  about  as  a 
two  dimensional  gas  and  occasionally  encounter  one  another 
to  form  a  molecule.  For  the  binding  forces  which  were 
calculated  in  the  last  section,  it  also  appears  that  the 
principle  mechanism  for  this  random  walk  process  is  that  of 
quantum  mechanical  barrier  penetration.  For  values  of  the 
periodicity  A  of  about  3  &  and  for  barrier  heights  which 
one  would  expect  for  van  der  Waals  forces,  one  finds  by 
employing  (75)  that  < e-t>  =  Dq  ~  10“2.  The  inequality 
(56),  which  is  to  be  satisfied  if  y  is  close  to  unity, 
becomes,  when  U  — ^u^. 


2oo 


(a) 


J  D 


eVa)AT  ^  J 


(85) 


where  the  superscript  (a)  means  that  the  parameters  for 
hydrogen  atoms  are  to  be  used.  On  the  other  hand,  (77) 
gives  a  condition  to  be  satisfied  if  a  molecular  layer  is 
not  to  form  (that  is,  if  the  molecules  formed  are  to  be 
able  to  evaporate  from  the  surface).  This  condition  is 


a  vi 
0  o 


(m) 


-a(») 


/kT 


»  1 


(86) 


where  the  superscript  (m)  stands  for  molecule.  For  inter- 

5  2  1 

stellar  densities,  J  ~  3  x  10  cm-  sec"  ,  and  substituting 
V  10 ^  sec-1,  (jQ  s  10*5  cm-2,  (85)  and  (86) 

give  essentially 


J 


57. 


2q(a)/kT  24 

i  »  M  / D  ~  10 

o 

q(m)AT  22 

i  «  X  ~  IQ  , 


(87) 

(88) 


where  as  defined  earlier, 

«  5  <Jo  VJ  '  (89) 

These  Inequalities  put  limits  on  the  value  which  the 
temperature  T  of  the  interstellar  grains  can  have  if  the 
recombination  coefficient  is  to  be  close  to  one,  the  limits 
being 


where 


T  <  T  <  T  , 
c  m 


.(a) 


2.5  x  12  k 


qfa> 

2.5  X  22  k 


(90) 


(91) 

(92) 


Physically,  what  the  inequality  (90)  means  is  that  the 
grains  must  be  hot  enough  so  that  an  additional  layer  of 
must  not  form  (in  other  words,  that  the  H2  will  evaporate 
off )  and  cold  enough  so  that  the  atoms  which  stick 
momentarily  to  the  grain  surface  find  another  atom  to 
recombine  with  before  they,  the  atoms,  evaporate  off.  An 
inequality  like  (90)  must  hold  for  each  layer  of  adsorbed 
Hg.  That  is,  at  higher  temperatures  where  there  is  a  bare 
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surface  there  will  be  a  particular  range  of  temperature  in 

which  7  — *  1,  and  also  at  lower  temperatures  where  there 

will  be  a  monolayer  of  R^  on  the  surface,  a  different 

(because  of  the  different  binding  energies  involved )  range 

of  temperature  will  exist  where  7 — *  1.  The  results  of  the 

calculation  of  T  and  T  and  hence  of  the  recombination 
c  m 

coefficient  are  presented  in  Fig.  18  which  shows  the 
temperature  dependence  of  7  for  various  values  of  e0  (eQ 
and  €  were  defined  earlier). 
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Fig.  18 

Recombination  coefficient  as  a  function  of  surface 

temperature 
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We  see  that  at  high  grain  temperatures,  where  recombination 
would  occur  on  the  bare  surface,  the  range  of  temperature 
where  y  — 1  is  quite  strongly  dependent  on  the  interaction 
parameter  eQ.  However,  at  lower  temperatures  where  there 
is  an  H2  layer  upon  which  recombination  takes  place,  the 
range  of  temperature  where  y  — »  1  is  rather  weakly  dependent 
on  e  .  This  is  to  be  expected,  since  the  binding  energies 
(which  determine  Tc  and  Tm  are  due  mostly  to  the  interaction 
with  the  top  layer.  It  might  be  mentioned  that  the 
recombination  on  a  second  layer  of  Hg  at  even  lower 
temperatures  can  be  neglected,  since  such  a  surface  would 
be  very  similar  to  that  of  solid  Hg  and  the  molecules  formed 
would  remain  on  the  surface  as  succeeding  layers  formed. 

It  is  significant  that  the  recombination  coefficient 
for  the  idealized  case  of  a  uniform  surface  has  maxima 
within  the  expected  temperature  range  of  the  grains  of 
5-20°K.  Since  the  grains  are  likely  to  have  a  distribution 
of  sizes  and  so  a  distribution  of  temperatures,  the  width 
of  the  maxima  will  be  increased.  Moreover,  irregularities 
in  the  surfaces  of  the  grains  will  smear  out  the  regions 
where  y  — ►  1  so  that  the  effective  recombination  coefficient 
will  probably  not  be  reduced  to  very  low  values  anywhere 
within  the  temperature  range  5-2 0°K. 
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6 .  Effects  of  Radiation 

So  far  we  have  neglected  the  effects  of  photo¬ 
detachment  of  atoms  (and  molecules )  from  the  surface  of  the 
grains  by  the  interstellar  radiation  field.  We  shall  see 
that  the  radiation  field  can  produce  quite  different  results 
depending  on  the  surface  condition  of  the  grains.  The  effects 
of  radiation  on  the  atoms  which  are  momentarily  bound  on  the 
surface  (or  on  the  Hg  monolayer)  are  negligible.  These 
atoms  migrate  about  and  quickly  recombine  and  escape  from 
the  surface  in  a  time  short  compared  with  the  characteristic 
time  for  interaction  with  the  interstellar  radiation  field. 
Consider,  however,  the  effects  of  the  photon  flux  on  the 
surface  atoms  of  the  grains.  If  the  grains  do  not  have  an 
Hg  monolayer,  these  atoms  (which  are  held  by  valence  forces ) 
can  escape  from  the  surface  if  the  photons  Induce  a  transi¬ 
tion  from  a  bonding  to  an  anti-bonding  orbital  of  the  atom- 
solid  system.  This  is  the  most  efficient  mechanism  for 

photodetachment,  since  the  "vibrational  overlap  factor"  is 

2 

unity.  The  number  of  photodet ached  atoms  per  cm  per  sec 
is  then  given  by 


u 


_1 

0  T 

o  y 


(93) 


where  t”1  is  the  rate  constant  (in  sec"1)  for  the  photo¬ 
detachment  of  a  single  hydrogen  atom  (we  assume  that  the 
surface  bond  is  to  an  H-atom).  It  can  be  estimated  from 
equation  (136)  of  section  IIIA  with  an  additional  factor 


6l . 


1/2  due  to  the  fact  that  the  atoms  on  the  surface  of  the 
grains  can  receive  galactic  radiation  only  from  a  solid 
angle  2ir  instead  of  4tj\  Thus,  we  estimate  t-1  from 

y 


a  7?  e^f 

4  me 


(94) 


If  u  <  J,  the  atoms  which  strike  the  surface  will, 

P 

on  migration,  fill  the  vacant  sites.  If  the  recombination 
coefficient  is  unity  in  the  absence  of  the  interstellar 
radiation  field,  it  will  then  be,  clearly. 


y  -  1  -  Up/J  .  (95) 

If  u  >  J,  all  the  atoms  which  strike  the  surface  will  be 
P 

used  in  filling  the  vacated  (by  photodetachment )  sites  and 
the  recombination  coefficient  will  go  to  zero. 

If  the  surface  has  a  monolayer  of  (van  der  Waals ) 
adsorbed  molecules  on  top  of  which  recombination  occurs, 
the  mechanism  for  photodetachment  is  slightly  different. 
Here  the  molecules  cam  be  ejected  if  they  make  a  transition 
to  a  state  in  which  the  van  der  Waals  forces  between  the 
molecule  and  surface  atoms  are  repulsive  so  that  the  mole¬ 
cules  are  repelled  from  the  surface.  Here,  however,  the 
radiation  field  has  an  effect  on  the  recombination 
coefficient  only  if  the  temperature  of  the  grains  is  such 
that  7  — *  0  in  the  absence  of  the  radiation  field  (in  other 
words,  the  region  between  the  maxima  in  Fig.  18).  The 
interesting  result  is  that  the  radiation  flux  Increases  the 
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recombination  coefficient.  It  does  so  by  ejecting  molecules 
which  would  otherwise  stay  on  the  surface  because  the  grains 
are  too  cold  to  evaporate  them.  The  recombination 
coefficient  in  this  region  is,  instead  of  zero. 


(  2up/j 

I 

The  rate  constant  u  would  be  calculated  from  the  same 

P 

expression  (94). 

The  overall  effect  of  radiation  can  be  summarized  in 
Pigs.  19a,  19b,  and  19c  below.  70  denotes  the  value  of  the 
recombination  coefficient  in  the  absence  of  the  radiation 
field. 


2up<  J 


2u  >  J 
.  P 


(96) 


Fig.  19a 


Recombination ' coefficient 
photodetachment  rate: 

Yo  “  1 


as  a  function  of 
(a)  Bare  surface. 
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It  is  difficult  to  estimate  u  (or  u  )  for  the  grains 

p  P 

without  knowing  the  chemical  properties  of  their  surface. 

If  we  take  a  wavelength  of  1000  2  and  an  oscillator  strength 

of  0.1 ,  we  find,  using  a  spectral  energy  density  factor  e^ 

31  4  2  1 

from  the  work  of  Lambrecht,  u  ~  5  x  10  cm"  sec"  . 

P  ,  5  2-1. 

This  rate  is  still  smaller  than  J  (  3  x  10  cm"  sec  ) 

but  not  much  smaller,  and  it  is  conceivable  that  in  regions 

of  the  galaxy  where  the  radiation  field  is  strong  the  effects 

of  radiation  are  important.  Moreover,  if  the  predominant 

temperature  of  the  grains  lies  where  yQ  ■  0,  the  radiation 

field  can  produce  a  finite  recombination  coefficient . 

For  the  case  of  a  bare  surface  which  exists  for  high 

grain  temperatures,  perhaps  if  the  hydrogen  atoms  are 

adsorbed  thru  a  bond  Involving  a  carbon  atom  or  ion  the 

calculations  of  the  photodissociation  rate  of  CH  and  CH+ 

32 

by  Bates  and  Spitzer  are  pertinent.  They  find  the  rate 
constants  for  photodissociation  by  galactic  radiation  to  be: 


Process 

CH  +  y  — *  C  +  H 
CH+  +  y  —p  C+  +  H 


Rate  constant  (t"1 ) 

1.5  x  10"11  sec"1 
5  x  lO"15  sec"1. 


These  rate  constants  for  the  case  of  an  atom  adsorbed  on 
the  surface  of  the  grains  should  be  halved  for  the  reason 
previously  discussed  (solid  angle  2ir).  The  resulting 
Up's  are: 
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/  v  „  3  _2  _l 

(u  )  ~  7  x  10  cm  sec 

p  CH 

2  2  1 

(u  )  2:  2.5  x  10  cm-  sec" 

P  CH+ 


which  are  smaller  than  J  by  almost  two  orders  of  magnitude. 
C .  Alternate  Mechanisms 

Here  we  consider  a  number  of  other  mechanisms  for 
molecule  formation.  We  shall  see  that  these  mechanisms  are 


only  capable  of  producing  molecular  densities  which  are  much 
smaller  than  that  resulting  from  the  catalytic  reaction  on 
grain  surfaces.  Nevertheless,  these  alternate  mechanisms 
can  usually  be  understood  better  than  the  grain  recombination 
reaction  and  it  is  important  to  consider  them,  especially 
if  the  grains  should  turn  out  to  be  of  a  vastly  different 
nature  than  presently  thought. 


1.  Chemical  Exchange  Reactions 


Herzberg  J  ha3  enumerated  a  number  of  exothermic 


reactions  of  the  form  AB  +  C  — *  AC  +  B  which  produce  H ;  . 
The  activation  energies  for  these  reactions  may  be 


estimated  from  the  seml-emperical  relation 


A  =  0.055  (97) 

due  to  Hirschfelder  (D^g  is  the  dissociation  energy  of  the 
molecule  AB).  Four  such  reactions  are  given  below  along 
with  their  associated  activation  energies  calculated  from 
(97). 
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Reaction  A 


(i) 

CH  +  H  — »  C  +  Hg 

0.19 

eV 

(ii) 

CH+  +  H  -* C+  +  H 

2 

0.20 

eV 

(iii) 

NH  +  H  — *■  N  +  Hg 

0.21 

eV 

(lv) 

OH  +  H  — *  0  +  Hg 

0.24 

eV 

The  reaction  rate  of,  say,  (i )  would  be  roughly  given  by 


n  n  a  v  e“A/kT 
CH  H  coll 


(98) 


where  a  is  the  collision  cross  section  and  v  is  the 
coll 

mean  velocity  of  the  H-atoms.  With  T  =  100°K,  A/kT  -  22, 

and  the  factor  e“A/kT  makes  the  reaction  rate  extremely 

o  7 

small.  With  T  =  1000  K,  however,  we  get,  using  nCH  =  10  , 

rijj  *  10  cm'^,  acoll  =  lO’16  cm2,  and  v  *  3  x  10^  cm/sec, 

-19  3  _1 

n„  ~  3  x  10  cm  Bee 

H2 

Such  high  temperatures  can  be  produced  in  Inelastic  cloud- 
cloud  collisions  and  while  there  is  some  question  as  to 
whether  magnetic  fields  might  prevent  the  inelastic 
collisions  (and  high  temperatures),  we  shall  consider  the 
case  where  the  clouds  are  heated.  The  clouds,  after  being 
heated  to  about  3000°K,  quickly  cool  down.  The  rate  of 
cooling  is  proportional  to  the  Hg  concentration  in  the 
cloud  and  the  time  to  cool  to,  say,  500°K  (see  Fig.  35  of 
section  IVC2 )  is  about  2  x  lO^5  sec,  where  p  =  log(n^/njj  ). 
In  this  section  we  shall  be  dealing  with  moderate  Hg 
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concentrations  and  shall  take  p  =  4-  and  so  a  time 
13 

t.  =  2  x  10  sec  during  which  the  cloud  stays  heated, 
h 

This  time  is  so  long  that  essentially  all  of  the  CH  would 

undergo  the  chemical  reaction  to  produce  H  .  If  n  is 

2  CH 

the  CH  density  before  the  cloud  collision  (roughly  equal 

7  3  14  1 

to  the  observed  density  10“  cm"  )  and  Z  ( ~  10"  sec"  ) 

is  the  collision  frequency  of  the  clouds,  the  rate  of  Hg 

formation  thru  this  mechanism  would  be 

21  _3  -1  .  , 

nH  =  Z  nCH  =?  10"  cm  sec  .  (99) 

Consideration  of  reactions  (il),  (iii),  and  (iv )  leads  to 
similar  results. 

2.  Reactions  Involving  Hg+ 

(a)  Hg+  +  H  Hg  +  p  -  This  reaction  might  also 

be  classified  as  a  chemical  exchange  reaction.  It  Is 
exothermic  by  almost  2  eV  and  could  conceivably  be  very  fast 
if  the  activation  energy  is  small  ((97)  gives  A  *  0.15  eV). 
The  rate  of  formation  of  Hg  in  this  manner  can  be  written  as 


\  =  ae  nH  nHg+  (10°) 

The  problem  is  that  of  the  formation  of  Hg+  which  can  be 
formed  either  by  ionization  of  Hg  by  cosmic  rays  (p  +  Hg — * 
Hg+  +  p  +  e )  or  by  radiative  association  of  a  proton  and 
a  hydrogen  atom  (p  +  H  — *  Hg+  +  7).  The  Hg+  is  very  likely 
to  be  destroyed  by  dissociative  recombination  (Hg+  +  e  — *2H). 
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The  rate  of  destruction  of  Hg+  in  this  manner  can  be 
written  as 


*^2+  adr  ne  nH2+  ’  ^101  ^ 

34 

where  the  rate  constant  is  likely  to  be  quite  large 
7  3  1 

(~  10“  cm  sec"  )  since  the  process  does  not  involve  the 
emission  of  a  photon.  The  coulomb  attraction  between  the 
electron  and  molecular  ion  also  makes  the  cross  section  very 
large.  If  H2+  is  formed  principally  by  ionization  of  Hg  by 
cosmic  rays  and  suprathermal  particles  (rate  constant 
see  section  IIIC3)j  the  equilibrium  concentration  will  be 


%+ 


nH„ 


n 


_1 

csi 


‘dr 


(102) 


If  the  molecular  ion  is  formed  by  the  recombination  H  +  p 
Hg+  +  y,  the  equilibrium  concentration  would  be 


(103) 


Here  y^  is  the  rate  constant  for  the  radiative  association 

of  H2+  and  has  been  calculated  by  Bates^  (who  used  the 

notation  yc )  for  temperatures  from  500°K  to  64,000°K. 
o 

Several  values  are  listed  below 
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_l5_ 

18  3  -1 
1.3  x  10“  cm  sec 

5.2  x  10“18 

1.9  x  10“17 
16 

6.2  x  10“ 

The  recombination  Involves  a  downward  transition  between 
the  two  states  of  Hg+  shown  In  Fig.  20. 

4 


Fig.  20 

Potential  curves  for  lowest  states  of  H  + 

2 

At  low  temperatures  most  of  the  transitions  occur  at  large 

R  where  the  transition  probability  is  small .  This  is  the 

main  reason  for  the  strong  decrease  in  y  with  decreasing 

5 

temperature . 

In  calculating  the  rate  of  formation  of  R^  by  (100)  one 
should  use  the  expression  (103)  for  the  H  +  concentration 
since,  although  the  nH  +  given  by  (102)  may  be  larger,  it 
arises  from  the  destruction  of  a  hydrogen  molecule,  and  we 


T 

500°K 

1000 

2000 

4000 
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are  concerned  with  the  effective  rate  of  formation  of  Hr 


Thus  we  get  by  substituting  (105 )  into  (100): 

y r- 


V 


2 

n„  n 
H  p 


(104) 


n 


dr 


The  proton  concentration  n^  arises  from  the  ionization  of 
hydrogen  atoms  by  cosmic  rays  (and  suprathermal  particles ) 
and  from  electron  captures  in  excited  states  (rate  constant 
tfpV,  see  section  IVA2 )  and  is  given  by 


n_ 


"H 


n 


1  si 


V 


(105) 


Inserting  this  into  (104)  we  have 


3  -1 

ne2  6  °dr 


(106) 


Since  y  is  very  small  at  low  temperature,  H  can  form  thru 
5  ^ 

this  chain  of  processes  only  if  the  clouds  are  heated.  We 

can  estimate  the  effective  rate  by  setting  y  equal  to  its 

_  o  ^ 

value  y  at,  say,  1000  K  and  by  multiplying  (106)  by  Z  t 
5  11 

(essentially  the  fraction  of  the  time  that  the  cloud  is 
heated).  Thus  we  have,  finally. 


dr 


(107) 
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_1 

The  value  of  the  rate  constant  Tgi  is  very  uncertain  although 

upper  and  lower  limits  can  be  established.  It  will  be  shown 

later  on  in  this  work  that  these  limits  are 

_19  .1  i  15  _1 

5  x  10  sec  <  t  .  <  10  sec 


If  the  cosmic  ray  flux  is  anywhere  near  the  upper  limit 
given  above,  the  electron  (and  proton)  densities  in  H  I 
clouds  will  be  very  high  and  will  be  given  by 

TT 

(108) 

°P  V 


4 

instead  of  by  the  usually  quoted  value  of  2  x  10"  n 

H 

corresponding  to  the  cosmic  abundance  of  atoms  capable  of 
being  ionized  by  photons  of  energy  <  13.6  eV.  If  (108)  is 
substituted  into  (107),  we  get 


Z  T. 


(107*  ) 


which  is  independent  of  the  value  of  the  cosmic  ray  flux. 

Substituting  the  values  n  =•  10  cm~^,  a  /a.  ~  10"^  (a 

H  e  dr 

1  ft  7  I 

rough  estimate),  y_  =  5  x  10“  cnr  sec"  ,  and  Z  t  =  0.2 

5  h 

we  obtain  a  rate 


.19  _3  1 

nu  ~  10  cm  sec 
H2 

.1 

On  the  other  hand,  if  we  take  the  lower  limit  Tgi  =  5  x 

19  1  3  3  — i —  12  1 

10"  sec"  ,  n  =  2  x  10  cm"  ,  onv  =  10"  cnr  sec" 
e  y 

(the  approximate  value  at  1000°K),  and  the  values  Just 
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given  for  the  other  parameters,  we  get  from  (107)  the  same 
19  3  _1 

rate  n,.  ~  10"  cm"  sec  I  This  results  because  the 

electron  density  produced  by  cosmic  rays,  even  for  their 

minimum  flux,  is  approximately  the  same  as  the  figure 

10"  n  which  arises  from  the  atoms  with  ionization 
H 

potential  less  than  13.6  eV. 

(b )  Radiative  capture  -  The  rate  constant  for 

the  recombination  reaction  (first  suggested  as  a  mechanism 

33 

for  Hg  formation  by  Herzberg  ) 

H2+  +  e  —+  Hg  +  y 


can  be  estimated  to  within  a  factor  of  about  2. 
by 


0  v 


II/, 

^  1  -J 


Vv'(v)  V  f(v)  dv 


It  is  given 

(109) 


where  the  summation  is  over  all  electronic  (n'  )  and 
vibrational  (v'  )  states  of  the  Hg  molecule  and  the  integra¬ 
tion  is  over  the  velocity  distribution  of  the  electrons. 

We  neglect  rotational  fine  structure.  The  cross  section 
ontvi  has  teen  neither  calculated  nor  measured.  The  cross 
section  for  the  reverse  reaction,  that  is,  the  photo- 
lonlzatlon  reaction 


7  +  Hg  — ♦  Hg+  +  e 

36 

has  been  measured  by  Lee  and  Weissler.  The  measurements 
are  not  very  accurate,  however,  since  it  is  difficult  to 
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separate  the  absorption  continuum  due  to  ionization  form 
that  due  to  dissociation.  The  experimental  cross  section 
is  sketched  below  (see  also  Appendix  A). 


Fig.  21 

Photoionization  cross  section  of  H 

2 


The  edge  at  -fico  =  15.  ^  eV  corresponding  to  photoionization 
from  the  ground  electronic  and  vibrational  state  of  H  to 
the  ground  electronic  and  vibrational  state  of  .  If  we 
denote  the  cross  section  for  photoionization  by  and 
the  cross  section  for  radiative  capture  between  the  same 
energy  states  by  agA,  we  have  a  straightforward  application 
of  the  principle  of  detailed  balance 


(no) 


We  have  omitted  the  ratio  of  the  degeneracies  which  is  unity. 
The  relation  between  u>  and  v  is 
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•fio) 


E 

e ' 


+  E 


v";e" 


E 

v '  ;e ' 


(HI) 


where  E^  denotes  electronic  energy  and  E„._  vibrational 
energy  of  the  respective  molecules.  The  experimental  cross 
section  0gA  is,  of  course,  that  for  the  ground  electronic 
state  E^i  of  Hg.  We  can  obtain  an  approximate  expression 
for  the  rate  constant  (109 )  by  considering  only  recombina¬ 
tions  to  this  ground  electronic  state.  Since  we  are  con- 

1  2 

sidering  low  temperatures  where  imv  «  E  -  E  ,  and  since 

^  e'  e ' 

the  vibrational  energies  are  much  smaller  than  the 
electronic  energies,  we  can  set  o>  in  (ill)  equal  to  coq  (the 
threshold  frequency).  Substituting  (=  a  ,  ,(v))  from 
(110)  into  (109),  we  have 

5-7  "  2  £/aAB  4-^)2  v  f(v)  dv  .  (112) 

We  now  make  use  of  the  Franck-Condon  principle  (see  Appendix 

A)  which  tells  us  that  the  cross  section  for  radiative 

processes  like  the  one  we  are  considering  is  proportional 

to  an  electronic  factor  and  a  vibrational  overlap  factor 
2 

|<v')v">|  .  we  can  then  make  use  of  the  vibrational  sum 
rule 

Kv'l v">|  =  X  |<v"|v»>|  *1  (115) 

y'  V " 

by  employing  this  in  (112).  We  then  choose  a  value  of  the 
cross  section  a ^  where  the  photon  energy  is  large  enough 
that  transitions  can  occur  to  essentially  all  vibrational 


75. 


states  v'  so  that  (113)  can  be  applied.  Such  photon 
energies  occur  already  around  700  %  where  the  cross  section 

Z'  1 8  2 

2:  6  x  10“  cm  .  Substituting  this 
Axj 

cross  section  into  (112)  and  carrying  out  the  integration 
over  v  using 

3  /2  2 

f(v)  =  4tt  (m/27 r  kT )  v2  e"mv  ^2kT  ,  (n4 ) 


we  find 


(115) 


To  calculate  the  rate  of  formation  of  by  radiative 
capture  we  again  determine  the  "effective”  Hg+  concentration 
by  (103)  and  (105 )  so  that  we  have 


2 

-  Ha_ 

n 


-1 

rsi 


a  v 
P 


a  v 


(116) 


dr 


Once  again,  because  of  the  strong  temperature  dependence  of 


y  ,  we  require  the  clouds  to  be  heated  and  replace  by  its 
5  •> 

value  at  1000°K  and  introduce  a  factor  Z  Th  as  in  (107). 
Thus, 


n 

e 


'si  t5 


aP  v 


dr 


a  v  Zt. 


(117) 


Here  one  gets  the  largest  rate  with  a  high  cosmic  ray  rate 

-1  _15  1 

constant.  Taking  the  upper  limit  Tg^  =  10  see-  we  find 


nH  ^ 
ft2 


.22  .3  _1 

5  x  10  cm  sec 
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states  v'  so  that  (115)  can  be  applied.  Such  photon 
energies  occur  already  around  700  A  where  the  cross  section 
from  Fig.  20  is  -  6  x  10-1^  cm2.  Substituting  this 

cross  section  into  (112 )  and  carrying  out  the  integration 
over  v  using 

f(v)  =  (m/27r  kT)5^2  v2  e_mv  /2kT  ,  (n4) 

we  find 

a  v  -  (— ^-)  /  WF  '  ZT  (H5) 

me  v  "1'-L  AB 

To  calculate  the  rate  of  formation  of  E^  by  radiative 
capture  we  again  determine  the  "effective"  Hg+  concentration 
by  (105)  and  (105)  so  that  we  have 


(116) 


Once  again,  because  of  the  strong  temperature  dependence  of 


7  ,  we  require  the  clouds  to  be  heated  and  replace  7C  by  its 
5  5 

value  at  1000°K  and  introduce  a  factor  Z  as  in  (107 ). 
Thus, 


a.  - 

n2  n 

e 


rsi 


a  v  Zt, 


(117) 


aF  V 


dr 


Here  one  gets  the  largest  rate  with  a  high  cosmic  ray  rate 

-1  -15  1 

constant.  Taking  the  upper  limit  t  ^  =  10  sec”  we  find 

_22  .5  _1 

ru  ^  5  x  10  cm  sec  , 

a2 
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while  the  lower  limit  =  5  x  10' 


-19  -1  « 
sec  gives 


.24  3  .1 

5  x  10  cm"  sec 


3.  Associative  Detachment 
The  reaction 


H  +  H  — »  Hg  +  e 

called  "associative  detachment",  has  been  considered  by  Pagel 

for  its  role  in  the  solar  atmosphere  and  more  recently  by 
37 

McDowell  for  the  interstellar  H  I  clouds .  The  rate  of 
formation  of  H2  by  this  mechanism  would  be  given  by 


"h2  *  V  "■  V  * 


(118) 


where  a  .  is  the  rate  constant.  The  H  concentration  is 
ad 

determined  by  photodetachment  (rate  constant  t’^)  and 

radiative  association  (rate  constant  a  )  and  is  given  by 

ay 


n 


H- 


3-  "h", 


(119) 


yd 


Substitution  of  this  expression  into  (118)  gives 


% 


a  .  a  - 

ad  ay  ^2  n 

— n —  "  e 

Tyd 


(120) 


McDowell  estimates  the  rate  constants  a  „  and  a  to  be 

ad  ay 

,  _  lrt-ll  1/2  3  _1 

a&d  =  1.2  x  10  T  cm  sec 


smd 


1 


(121) 
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.17  1/2  3  -1 

a  =  1.5  x  10  T  cm  sec 


(122) 


a7 

where  T  is  the  kinetic  temperature.  The  rate  constant 

is  more  uncertain  since  it  involves  the  interstellar 
Yd 

7  1 

radiation  field.  McDowell  suggests  a  value  2  x  10"  sec" 

3  3 

If  we  take  the  usual  densities  n„  =  10  cm-  ,  n  =  2  x  10" 

H  e 

■Z  Q 

cm_y  and  a  temperature  of  100  K,  we  have  from  (120),  (121) 


and  (122) 


-20  _3  .1 
nr.  ~  2  x  10  cm  sec 

H2  “ 

If,  however,  we  take  a  higher  electron  density  of  6  x  10 
cm"^  which  one  obtains  from  (108 )  using  the  upper  limit 

15  1 

(10"  sec"  )  to  the  cosmic  ray  ionization  rate  constant 
we  have 

.  ,  -_19  .3  .1 

Ajj  a  6  x  10  cm  sec 


D.  Summary  of  Mechanisms 

The  expected  rates  for  formation  of  H_  under  "normal" 

3  o  ^ 

conditions  (nH  =  10  cm"  ,  T  =  100°K)  are  summarized  in 
Table  2  below. 
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Table  2 

Mechanism  Rate  (hH  ) 

2 


,  21 

5  -l 

CH  +  H  — *  H  +  C 

2 

10 

cm-  sec 

+ 

_19 

H  +  H  — ►  H  +  p 

10 

2  2 

24 

.22' 

H  +  e  — >  H  +  y 

2  2 

5 

x  10“ 

to  5  x  10 

_20 

.  _19' 

H~  +  H  — *  H  +  e 

2 

x  10 

to  6  x  10 

2 

H  +  H-S  — *  +  S  (surf.  rec. ) 

,  .15  , 

4  x  10  (7  =  1) 

*  Depending  on  cosmic  ray  flux  (or  electron  density) 

We  see  that  the  rate  of  formation  through  the  catalytic 

reaction  on  the  surface  of  the  interstellar  grains  can  be 

4 

much  larger  (by  a  factor  ,>  10  )  than  that  of  any  of  the 
other  mechanisms  considered.  However,  we  know  really  very 
little  about  the  interstellar  grains,  especially  their 
chemical  composition.  Moreover,  the  recombination 
coefficient  for  the  grains  is  apparently  strongly  dependent 
on  their  temperature  as  was  shown  for  the  idealized  case  of 
a  uniform  surface.  In  spite  of  these  uncertainties,  it  is 
the  opinion  of  the  writer  that  unless  the  grains  have  a 
structure  vastly  different  from  what  we  now  believe  them  to 
have,  the  recombination  coefficient  is  very  likely  to  be 
between  0.1  and  1.  For  it  was  shown  that  for  the  idealized 
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case  the  recombination  coefficient  has  maxima  in  the 
expected  temperature  range  of  the  grains  of  5-20°K. 
Irregularities  in  the  surface  of  the  grains  are  likely  to 
smear  out  considerably  the  interval  of  grain  temperature 
where  y  — *■!.  Also,  as  was  shown,  the  galactic  radiation 
field  may  help  form  molecules  by  ejecting  them  from  the 
surface  of  the  grains  when  otherwise  they  would  be  held 
indefinitely. 

Some  have  suggested  that  the  grains  may  have  so-called 
"active  sites"  on  their  surface  which  would  gather  up 
hydrogen  atoms  easily  and  hold  them  strongly,  but  which 
would  readily  give  them  up  to  other  hydrogen  atoms  to  form 
molecules.  This  may  well  be  the  case  if  there  are  free 
radicals  on  the  surface.  It  is  extremely  difficult,  however, 
to  estimate  quantitatively  such  an  effect.  One  can  only 
guess  what  fraction  of  the  surface  has  such  "active  sites". 

It  is  clear,  though,  that  such  an  effect  can  only  Increase 
the  recombination  coefficient. 

While  our  lack  of  knowledge  of  the  grains  forces  us  to 

make  qualified  predictions  of  the  recombination  rate  of  grain 

surfaces,  this  is  not  so  for  all  of  the  other  reactions 

listed  in  Table  2.  The  rates  for  the  first  three  reactions 

listed  are  eslmtated  on  the  assumption  that  the  clouds  are 

heated  periodically  (in  cloud-cloud  collisions).  However, 

the  associative  detachment  reaction  H~  +  H  — >  H  +  e  does 

2 

not  require  high  temperatures  but  only  that  there  are  free 
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electrons  around  (which  can  attach  themselves  to  hydrogen 
atoms).  There  is  certain  to  be  enough  electrons  to  form  H~, 
even  If  the  electrons  must  come  from  the  Ionization  of 
hydrogen  atoms  by  cosmic  rays.  Hence  the  associative 
detachment  mechanism  is  completely  understood  and  will 
produce  H2  if  all  other  processes  fail.  Thus,  while  the 
catalytic  reaction  on  grain  surfaces  provides  us  with  an 
estimate  of  the  upper  limit  to  the  rate  of  molecule  forma¬ 
tion,  the  rate  calculated  from  the  associative  detachment 
process  gives  us  a  lower  limit. 


III.  DISSOCIATIVE  PROCESSES  FOR  A  STATIC  INTERSTELLAR 

MEDIUM 


A.  Photodissociation  Through  the  Forbidden  Transition 


r 


sr 

n 


As  a  result  of  the  high  opacity  of  atomic  hydrogen  for 

photon  energies  beyond  the  Lyman  limit  (13.6  eV),  the 

galactic  radiation  field  in  the  interior  of  H  I  clouds  suffers 

a  sharp  cutoff  a*--  912  X.  Because  of  this  cutoff,  one  is  led 

to  consider  processes  involving  radiation  of  wavelength 
o 

A  >  912  A.  The  simplest  of  such  processes  is  that  of 
photodissociation  thru  the  transition  ^5"  +  — »  +  (see 

g  L-  U 

Fig.  1)  which  requires  photon  energies  of  only  8-10  eV. 

■zQ  T  7 

Kahnp  and  McCrea  and  McNally  considered  this  mechanism 
to  be  the  main  cause  of  the  dissociation  of  Hg.  The  rate 
of  dissociation  can  be  written  in  terms  of  the  photo¬ 
dissociation  crossection  o(o>)  and  the  photon  flux  dJ^  as 

‘  %  /  °M  "«>  (123) 

=  njj  /  a( co)  dcs  .  (124) 

Since  the  crossection  Is  peaked  around  a  frequency  u)q,  we 
can  take  out  of  the  integral  (124)  and  set  it  equal  to 
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the  value  corresponding  to  the  frequency  o>0  where  cr(a>) 

is  a  maximum.  Then  we  employ  (A21 )  from  Appendix  A  which 
gives  the  result 


(n»  )  , 

n2  Td 


=  t  nw 
7d  H2 


(125) 


with 


_1 

^d 


n  2  2 
2ir  e 

m  c 


(126) 


1^~+  i 

Denoting  the  ground  state  (  )  )  by  |m'>  and  the 

repulsive  state  (  )  )  by  |n'S  ,  the  oscillator  strength 

*—  n  ' 


T  would  be  given  by 
e 

2m 


fe  =  ™“(R«)  l<n 


5h 


m 


■>l 


(127) 


where  the  wave  functions  are  to  be  calculated  at  the 
equilibrium  internuclear  separation  (Rq )  of  the  ground 
state.  The  dipole  operator  is  simply  lf^  +  If^,  where 
and  Tg  are  the  (vector)  position  operators  of  the  two 
electrons.  The  matrix  element  ^n'  |  lf^  +  involves 

an  integral  over  the  position  space  of  both  electrons  and  a 
sum  over  spins.  If  |m')  were  purely  singlet  and  In’) 
purely  triplet,  this  matrix  element  would  vanish  because 
of  the  orthogonality  of  the  spin  wave  functions.  A  similar 
result  would  be  obtained  for  the  matrix  elements  involved 
in  magnetic  dipole  and  quadrupole  radiation.  The  vanishing 
of  the  matrix  element  results  only  from  the  assumption  that 
the  complete  wave  function  can  be  written  as  a  product  of  a 
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part  describing  the  space  properties  of  the  state  and  a  part 
describing  the  spin.  It  does  not  depend  on  the  validity  of 
the  Born-Oppenheimer  approximation  (see  Appendix  A).  That 
the  total  wave  function  can  be  written  as  a  product  of  space 
and  spin  wave  functions  follows  exactly  if  the  Hamiltonian 
for  the  molecule  contains  no  terms  coupling  the  space  and 
spin  coordinates.  Actually,  there  are  such  terms  although 
they  are  small.  Both  the  spin-spin  and  spin-orbit  inter¬ 
action  terms  are  of  this  nature.  Because  of  their  presence, 
the  ground  state  is  not  purely  singlet  but  has  a  small 
triplet  part.  Similarly,  the  repulsive  state  is  partly 
singlet.  If  we  write  the  Hamiltonian  for  the  molecule  as 


H  -  H  +  H’ 
o 


(128) 


where  H  contains  all  the  terms  not  involving  spin  and  H' 
o 

is  the  part  due  to  spin-spin  and  spin-orbit  interactions 

(H1  =  H  +  H„),  then  we  can  estimate  the  amount  of  mixing 
'  ss  so'  ° 

of  the  wave  functions.  From  simple  perturbation  theory. 


/m’> 


,_v  .  V7  <k  I  H'l  m>  ,  .  v 

'”>  + 1  E-(o) :  ,<.f  '*>  +  - 

«  m  k 


<n'|  =  <n(  +  2T 


'  <n  |H ’ll) 


(129) 


T  E, 


(o)  _  p(°) 


n 


<i\  +  ... 


The  states  without  the  primes  are  the  unperturbed  states  and 
the  E^°^'s  are  the  unperturbed  energies  (H  |  k)  =  E^°^|k)  ). 
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The  primes  on  the  summation  signs  mean  that  the  term  k  =  m 
in  the  first  sum  and  i  =  n  in  the  second  sum  are  omitted. 
Employing  the  expansions  (129  ),  we  have  for  the  dipole  matrix 
element  : 


<n-  I  irx  +  l£|m'>  =  2_  eCo)'  7  e(°T  ^  ^  "l  +  '2|k> 

k  m  k 


(150) 


*|-E(o)  ~  E(o)  ^1*1  +  ir2|m>  +  •••  • 
n  ^ 

t  i 

The  operators  Hgs  and  Hsn  are  similar  to  those  for  the  helium 
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*30 


atom  and  their  matrix  elements  are  both  of  the  order  of 
2  e2 

magnitude  a  — ,  a  being  the  fine  structure  constant.  Since 

a 

°  2  , 
the  energy  denominators  are  of  the  order  of  e  /aQ  and  the 

dipole  matrix  elements  are  of  the  order  of  aQ,  we  can  expect 

a  value  of  ^n'  |  f  +  IT  j  m')  of  the  order  of  a  aQ. 

This  gives  an  oscillator  strength  T  ^  2  m  ^  (a2  a  )2. 

e  5  v  o’ 

2  2  2 
Setting  "fi  a)  ~  e  /aQ,  we  have,  since  aQ  »  -ft  /m  e  , 


(151) 


This  estimate  is  perhaps  a  little  too  high  since  we  have 

assumed  large  matrix  elements  throughout.  The  correct  value 

10  _8 

is  probably  between  10  and  10  but  in  any  case  it  is 

5 

considerably  smaller  than  the  value  10  used  by  Kahn  and 
by  McCrea  and  McNally.  The  associated  rate  constant 
calculated  from  (126)  will  also  be  reduced  accordingly. 
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The  value  of  the  Interstellar  spectral  flux  can  be 

51 

found  from  the  work  of  Lambrecht  who  gives  the  spectral 
distribution  of  the  energy  density  as 


de  _ 

3x  =  e: 


(152) 


The  relation  between  e  and  j  may  be  found  from 

A  U) 


dJ  =  c  =  i  d 
a)  a> 


(155) 


giving  J  in  terms  of  ex  ; 


-  2t r 


■ft  c 


where 


X 

"27 


(155) 


n 

Substituting  (154)  into  (136 )  we  have,  since  a  =>  e  /fie. 


-1 

Yd 


u  x  e,  r 
a  e 

2  me 


(156) 


For  the  -  J~  transition,  X  ^  1500  A,  and  using  a 

6  u  _9  4 

corresponding  e^  from  Lambrecht  of  e^  a  7  x  10  erg  cm"  , 

and  an  F  of  10"^  we  find 
e 

-1  _l8  _1 

t  ,  ~  5  x  10  sec 
Yd 


This  rate  constant  is  four  orders  of  magnitude  smaller  than 

the  value  calculated  by  Kahn.  We  shall  see  that  there  are 

other  processes  which  are  much  more  effective  in  dissocia- 

ting  the  molecule  so  that  the  Y  -  /  dissociative 

g  <-  u 
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transition  can  be  neglected  altogether. 

B.  Resonance-Fluorescence  and  Raman  Excitation 

1 .  Resonance -fluorescence 

The  edge  for  the  photodissociation  of  thru  an 
allowed  transition  occurs  at  14.5  eV,  that  is,  beyond  the 
Lyman  limit.  This  edge  corresponds  to  a  dissociation  in 
which  one  of  the  H-atoms  goes  off  in  the  first  excited  state 
(see  Appendix  A).  The  energy  14.5  eV  is  needed  if  the 
molecule  is  initially  in  the  ground  vibrational  state.  Since 
the  energy  difference  between  vibrational  states  is  about 
0.53  eV,  a  molecule  in  the  second  vibrational  state  would 
require  photon  energies  less  than  13.5  eV  for  photodissocia¬ 
tion.  This  photon  energy  is  below  the  Lyman  limit  and  so 
should  be  present  in  the  energy  spectrum  of  the  galactic 
radiation  field.  Thus,  if  there  were  some  way  in  which  the 
molecule  could  get  into  the  second  (or  third,  fourth,  etc.) 
excited  vibrational  state,  it  could  be  dissociated  by  the 
galactic  radiation  field.  The  population  of  excited  states 
by  thermal  means  is  negligible,  since  the  excitation  energy 
is  much  greater  than  kT  ( »  0.01  eV).  However,  there  are 
two  other  mechanisms  for  the  population  of  excited  vibrational 
states  which  might  be  important  and  which  are  very  interesting 
in  themselves . 

The  first  such  mechanism  that  we  shall  consider  is  that 
of  resonance-fluorescence  which  can  populate  excited 
vibrational  states  in  the  following  manner.  The  molecule 
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in  the  ground  state  absorbs  a  photon  which  causes  a  transi¬ 
tion  to  an  excited  electronic  state  (e.g.,  the  B  or  C  state). 

8 

After  a  time  of  the  order  of  10  seconds  the  molecule  drops 
down  to  the  ground  electronic  state.  In  this  process  any 
of  the  vibrational  levels  of  the  ground  electronic  state 
can  be  excited.  (Actually,  the  vibrational  continuum  of  the 
ground  state  can  be  excited  in  this  manner  although  it  is  a 
very  unlikely  process,  the  vibrational  overlap  factors 
involved  being  very  small .  )  The  relative  probability  of  a 
certain  level  v  being  excited  depends  only  on  the  vibrational 
overlap  factors  involved.  The  vibrational  levels  are 
predominantly  de-excited  by  quadrupole  transitions  which  have 
a  probability  per  unit  time  for  spontaneous  emission  of 
about1**  A  *  2  x  10"^  sec”1.  If  the  rate  constant  (in  sec"1) 
for  the  excitation  of  the  resonance  lines  is  denoted  by  B, 
the  relative  population  of  the  excited  vibrational  states 
would  be 

ny/no  -  B/A  .  (157) 

If  oscillator  strengths  of  unity  are  taken  for  the  resonance 

lines,  we  find  by  employing  (156)  with  A  »  1000  X  that 
9  1 

B  —10”  sec"  .  This  would  produce  a  population  of  excited 

2 

vibrational  states  of  ~  10”  which  would  seem  to  imply 

that  the  process  is  extremely  Important  as  a  dissociation 

mechanism  (the  rate  constant  for  dissociation  would  then  be 

2  11  1 

roughly  B  nv/nQ  -  B  /A  ~  10"  sec"  ).  However,  the 
mechanism  falls  for  the  following  reason.  Because  the 
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absorption  coefficient  is  so  high  for  the  resonance  lines, 
essentially  all  the  in  a  cloud  is  shielded  by  self 
absorption  from  these  lines.  For  example,  with  a  density 

of  nu  ~  1  cm-^  and  a  path  length  of  1  pc,  the  optical 

2  6 
depth  in  the  resonance  lines  is  of  the  order  of  10  .  Thus, 

the  molecular  hydrogen  is  in  a  sense  prevented  from  being 

photodissociated  by  its  own  self  absorption. 

One  might  wonder  whether  these  resonance  lines  would 
eat  their  way  thru  the  Hg  and  thus  dissociate  the  whole 
cloud.  Actually,  the  time  required  for  a  resonance  line 
to  do  this  is  likely  to  toe  very  long,  with  roughly  one 
characteristic  time  for  dissociation  needed  for  each  optical 
thickness  of  which  is  dissociated.  Moreover,  one  can 
treat  the  problem  as  a  steady  state  one  and  calculate  the 
radius  of  the  sphere  of  dissociated  hydrogen  in  a  manner 
similar  to  that  used  to  calculate  the  radii  of  ionized 
regions  (see  section  IVA).  When  this  is  done  one  finds  that 
in  the  steady  state  the  resonance  line  penetrates  only  a 
very  short  distance  into  the  cloud,  even  if  the  rates  of 
formation  of  Hg  is  much  slower. 

2.  Raman  scattering 

Vibrational  levels  can  also  be  excited  by  Raman 
scattering.  However,  the  selection  rule  for  the  vibrational 
quantum  number  v  in  Raman  scattering  is  Av  =  +  1,  so  that  a 
Raman  population  of  the  second  excited  vibrational  state  would 
involve  a  two  step  process.  If  we  again  denote  the 
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spontaneous  radiation  transition  probability  per  unit  time 
for  excited  states  by  A  and  the  transition  probability  per 
unit  time  for  excitation  by  Raman  scattering  by  B,  we  will 
have  for  the  steady  state  population  of  excited  states 
(n^  =  density  in  ground  state,  ^  -  density  in  first 
excited  state,  etc.)  : 

13 

ni  *  no  J 

n  *  n  (£) 

2  o  'A' 

(138) 


The  rate  constant  B  would  be  calculated  from  the  (Stokes) 

SR 

Raman  cross  section  a ^  by 

s  ‘  /  •  (159) 

Since  Raman  scattering  is  a  process  whereby  a  photon 

is  absorbed  and  re-emitted  ("second  order"  process ),  its 

25  2 

cross  section  is  very  small  (  ~  10“  cm  )  except  where  there 
is  a  resonance  at  which  the  cross  section  is  very  large. 
However,  since  resonance  Raman  scattering  occurs  at  the  same 
frequencies  as  that  of  the  resonance  absorption  lines  which 
are  optically  thick,  the  contribution  from  resonance  Raman 
scattering  can  be  neglected. 
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We  now  consider  the  effects  of  non-resonance  Raman 
scattering.  Here  the  cross  section  can  be  written  for 
practical,,  purposes  as 

SR  p  4  2 

-  y-  ^  I I  •  U»0) 

a'  is  the  so-called  "derived  polarizability"  and  is 

hci 

essentially  given  by  (gj)  <v|R  -  R  |  v1)  ,  that  is, 

o 

the  product  of  the  derivative  of  the  polarizability  with 
respect  to  the  internuclear  separation  and  the  matrix 
element  of  the  variation  from  the  equilibrium  distance. 

The  order  of  magnitude  of  a'  is  roughly  0.1a  where 
a  (~  aj*)  is  the  polarizability. 

To  calculate  B  from  (159 )»  we  shall  take  the  inter¬ 
stellar  radiation  field  to  be  that  of  a  black  body  at 

4  14 

Tq  =»  10  °K  diluted  by  a  factor  W  ~  10"  .  Since  the 

integrand  in  (159)  is  proportional  to  aP ,  we  take  the  Wien 

approximation  to  the  radiation  formula.  Further,  since  the 

maximum  of  the  integral  occurs  around  IS  o>  ~  6  kTQ  ~  6  eV, 

we  shall  take  the  integration  over  to  to  be  from  0  to  oo ,  thus 

■q  8ir  / a'i 2  W  [" 6  -ha>/kT0 

D  .  /  m  o  v  rim 

5  7T2  Cb 

,  1220  /a;/2 

T  C° 


(l^D 


(kTo/h) 
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_1^  _25  3  40 

With  W  =  10  ,  a'  -  10  cm  ,  T  =  10  °K,  we  get 

o 

-  19  l 

B  —  6  x  10  sec" 


12 

Thus,  B/A  v  }  x  10"  and  the  fraction  of  molecules  In  the 

-23 

second  excited  vibrational  state  will  be  ~  10  .  This 

fraction  is  so  small  that  the  process  can  be  completely 
neglected.  It  might  be  argued  that  near  bright  stars  the 
radiation  field  will  be  much  more  intense  and  consequently 
the  Raman  process  will  be  enhanced.  However,  it  is  diffi¬ 
cult  to  conceive  of  an  increase  in  B  of  more  than  about  3 
orders  of  magnitude  and  it  seems  safe  to  say  that  the  Raman 
process  can  be  neglected  altogether. 

C .  Cosmic  Raya  and  Suprathermal  Particles 

1 .  Energy  spectrum  and  low  energy  cut-off 

Cosmic  ray  protons  cause  ionization  (formation  of 
H2+)  of  hydrogen  molecules.  Since  these  H2+  molecules  are 
quickly  dissociated  either  by  photodissociation  or  by 
dissociative  recombination  (see  section  II-C),  formation  of 
H2+  can  be  considered  equivalent  to  dissociation.  Most  of 

the  data  available  on  the  cosmic  ray  flux  is  for  energies  > 

40 

10  BeV  where  the  flux  follows  a  power  law  spectrum  : 


J(E) 


dj 


0.46  E”  particles/cm2/sec/ster/BeV 

interval . 


2 

Here  E  =  T  +  Me  is  the  total  energy  in  BeV.  At  these  high 
energies  the  ionization  cross  section  is  very  small  and  so 
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the  process  p  +  — *■  +  p  +  e  can  be  neglected. 

However,  the  cross  section  Increases  as  the  incident  proton 
energy  is  lowered,  thus  making  the  low  energy  cosmic  rays 
of  prime  importance.  Magnetic  fields  in  the  solar  system 
prevent  the  observation  of  low  energy  cosmic  rays,  so  that 
considerations  of  the  low  energy  flux  must  involve  unverified 
theory. 

4l 

A  Fermi-I  type  mechanism  for  the  acceleration  of 
protons  predicts  a  power  law  spectrum  n(E)  =  K  E” ^  + 
in  the  total  energy  E  extending  into  the  non-relativistic 
region.  In  this  mechanism  the  protons,  in  encountering 
random  "magnetic  clouds",  increase  their  energy  at  a  rate 

=  a  E  .  (142 ) 

a  Is  proportional  to  the  velocity  of  the  protons  and  we 
write  it  as 

“  -  “o!  •  <143) 

If  the  protons  are  lost  by  proton-proton  collisions  which 
have  a  cross  section  independent  of  velocity,  it  may  easily 
be  shown  that  a  power  law  spectrum  in  the  total  energy  results 
for  the  non-relativistic  region  as  well  as  for  the 
relativistic  region.  Thus,  if  the  protons  are  accelerated 
by  this  type  of  mechanism  we  should  expect  the  non- 
relativistic  spectrum  n(E  a  Me  )  to  be  flat.  However,  the 
energy  spectrum  of  the  flux  should  not  be  flat  since  it  is 
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essentially  v  n(E)  where  v  is  the  particle  velocity.  We 

should  thus  expect  an  energy  distribution  in  the  flux  to 
1/2 

go  as  T  ,  the  spectrum  being  as  below  (Fig.  22). 


(ExMc'+T) 

L - * 

T0  He*  t 

Fig.  22 

Cosmic  ray  flux  predicted  by  a  fermi-type  acceleration 

process 

There  should  be  a  low  energy  cut-off  to  the  spectrum 

at  an  energy  Tq  where  the  rate  of  energy  gain  thru 

acceleration  by  the  Fermi  mechanism  equals  the  rate  of 

energy  loss  thru  ionization.  The  ionization  loss  for 

protons  traversing  atomic  hydrogen  regions  of  various 

degrees  of  ionization  has  been  calculated  by  Hayakawa  and 
42 

Kitao.  They  present  curves  for  dT/d(px),  where  p  is  the 
density  and  x  the  path  length.  The  cut-off  energy  Tq  would 
occur  where 


-  (dT/d(px)) 


ioniz . 


(dE/d (px ) ) 


Fermi 


1  v 
p  V  c 


a 


o 


aoMc 
■  ■  • 
P 


(144) 
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Taking  the  value  a  =10  sec"  recommended  by  Ginzburg 

°  26  5 

and  a  density  p  ~10"  °  gm/cm  corresponding  to  the  galactic 
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halo,  we  find  (dE/d (px )  )Ferml  ~  30  MeV/gm-cnT  .  One  finds 

using  curve  C  (50^  dissociated  hydrogen)  of  Hayakawa  and 

Kltao's  Pig.  1,  that  a  cut-off  would  occur  at  T  a  100  MeV. 

o 

2 .  Ionization  rate  constant 

The  cross  section  for  ionization  of  a  hydrogen 

molecule  by  a  high  energy  non-relativistic  proton  of  kinetic 

44 

energy  T  is  of  the  form 


ft  -  flnf  .  (145) 

2 

For  a  flat  energy  density  spectrum  n(E)  =  n(Mc  )  -  constant, 
the  rate  constant  for  ionization  would  be 


a  - 


(Jo)1'2 


ln%  ), 
~z~  >  ’ 


In 


Me 


(146) 


where  C  =  4tt  J  (Me  )  is  computed  from  the  high  energy  data 

quoted  earlier.  Using  Tq  =  100  MeV  and  values  of  A  and  B 

similar  to  those  for  atomic  hydrogen,  we  find  2  5  x 
19  1 

10“  see"  .  This  number  may  be  taken  to  be  a  reasonable 

lower  limit  to  the  actual  rate  constant.  If  the  flux  Is 

1  19  1 

extended  all  the  way  to  Tq  »  0,  we  get  t“  ~  7  x  10  see-  . 

While  these  numbers  are  indeed  small,  they  are  based  on  the 
Fermi  model  for  cosmic  ray  acceleration  which,  although 
widely  used,  is  of  questionable  validity. 
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5.  Suprathermal  particles 

45 

Hayakawa  et  al  favor  the  existence  of  so-called 
"suprathermal"  particles  whose  energy  spectrum  extends  below 
the  injection  energy  for  the  Fermi  mechanism.  These 
particles  are  supposed  to  have  a  much  larger  low  energy  flux 
than  the  ordinary  cosmic  ray  protons  and,  in  fact,  Hayakawa 
et  al  take  a  j(E)  spectrum  with  a  peak  at  10  MeV.  There 
is,  of  course,  no  direct  observational  evidence  for  the 
existence  of  these  suprathermal  particles  and  no  accepted 
theory  of  their  origin.  The  main  reason  for  believing  in 
their  existence  is  that,  since  they  contribute  to  the  heating 
of  the  gas,  they  can  explain  the  observed  temperature  of  H 
I  regions.  From  a  consideration  of  the  heating  of  the 
interstellar  gas  one  can  put  an  upper  limit  on  the  rate 
constant  -  /  js(E)  tf1(E)  dE  for  the  ionization  of 

hydrogen  atoms  by  suprathermal  protons .  Since  the  cross 
section  for  the  ionization  of  can  be  expected  to  be 
approximately  equal  to  the  ionization  cross  section  for  H, 
the  rate  constant  determined  from  temperature  considerations 
caui  be  taken  to  be  also  the  rate  constant  for  dissociation 
of  Hg.  We  shall  come  back  to  this  point  at  the  end  of  the 
next  section. 

D.  Temperature  Considerations 

In  this  section  we  shall  review  some  of  the  basic 
processes  involved  in  establishing  the  temperature  of  H  I 
regions.  We  consider  here  only  processes  which  are 
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important  for  a  static  interstellar  medium.  Heating  effects 
of  cloud-cloud  collisions  will  be  treated  later  (section 
IV-C). 

1 .  Cooling  processes 

While  the  mechanism  for  heating  in  H  I  clouds  is 
very  uncertain,  at  least  two  known  processes  are  capable 
of  cooling  the  clouds  efficiently.  These  two  are:  (l ) 
excitation  of  low  lying  states  of  C+,  Si+  and  Fe+  ions  by 
electron  impact,  and  (2)  excitation  of  rotational  states  of 
H2  molecules  thru  collisions  with  hydrogen  atoms.  In  both 
processes  the  energy  is  lost  by  radiative  de-excitation  of 
the  excited  levels. 

If  we  assume  the  relative  abundances 


n 


H 


n  :  n 
C+  Si+ 


34  :  16 


(147) 


the  codling  rate  (in  erg  cm"  sec"  )  for  electron  excitation 
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of  ions  is,  according  to  Seaton’s  calculations. 


4l  -  10-2J  T-1/2  (0.64  e-92/I  +  6.4  e-41J/r 


+  1.7e-554/r  ♦  2.2.-*1*>n  n 

H  e 


(148) 


We  assume  the  electron  temperature  to  be  the  same  as  that 

of  the  heavy  particles.  The  presence  of  ions  also  gives 

rise  to  heating  3ince  the  ions  capture  electrons  which  are 

then  ejected  thru  photoionization  by  the  galactic  radiation 

field.  This  leads  to  an  energy  gain  1“  and  an  effective 

-  ei 


97. 


cooling  rate  A  -  due  to  the  interaction  of  electrons 
el  el 

with  ions .  The  graph  of  (/l  -  )/nTTn  as  a  function 

ei  el  n  e 

of  temperature  is  shown  in  Pig.  23.  This  curve  is  plotted 

from  Table  3  of  the  useful  review  of  Takayanagi  and 

47 

Nishimura  (hereafter  referred  to  as  TN). 

In  their  paper  TN  calculated  the  cross  sections  for 

the  excitation  of  rotational  levels  of  Hg  thru  collisions 

with  H-atoms  in  order  to  compute  the  cooling  rate  /\  . 

HH2 

To  calciilate  the  population  of  excited  rotational  levels 

they  assumed  a  steady  state  to  arise  from  colllsional 

excitation  and  de-excitation  and  radiative  de-excitation. 

For  radiative  de-excitation  TN  used  spontaneous  transition 

probabilities  calculated  from  the  formula  for  quadrupole 

16  48 

transitions  given  by  Spitzer  .  Osterbrock  has  pointed 
out  that  the  transition  probability  for  the  J  =  2  — J  *  1 
transition  Is  roughly  two  orders  of  magnitude  larger  than 
that  for  the  J  =  2  — *  J  =*  0  transition.  The  latter  is  a 
quadrupole  transition  and  has  a  transition  probability  per 

Osterbrock  estimates  the 


,  -11  1 
unit  time  A„  =  2.4  x  10  sec"  , 

20  91 

ortho-para  rates  to  be  10~10  sec~  >  A  ~  2  X  10_  sec”  * 

With  such  high  rates  of  radiative  de-excitation  collisions 

can  be  neglected  in  depopulating  the  levels.  Moreover, 

since  the  higher  J  levels  have  much  larger  A-values,  we  can 

assume  that  they  are  unpopulated  and  calculate  A  .  by 

HH2 

considering  only  the  excitation  of  the  J  *  2  level.  Thus 
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Cooling 
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Am2^  "h  nH2<v  ®o-2> 


AE 


(149) 


where  AE  Is  the  excitation  energy  of  the  J  =  2  state  and 
v  2)  is  the  mean  value  (averaged  over  the  velocity 

distributions  )  of  the  product  of  the  relative  velocity  and 
the  cross  section.  Taking  <v  Q  S  from  Table  1  of  TN, 


A 


HHr 


can  be  calculated  from  (149).  The  results  are 


plotted  In  Pig.  25.  We  see  that  at  high  temperatures  the 

hydrogen  molecule  is  very  effective  as  a  cooling  agent. 

The  low  temperature  dependence  of  A-rm  and 

rtn.2 

A  -  is  exhibited  in  Pig.  24  for  the  molecular  and 

electron  densities  shown.  For  these  densities  cooling  by 

A  ,  dominates  below  about  50°K.  This  is  due  to  the  low 
el 

value  (AE/k  =  92 °K)  of  the  excitation  energy  of  C+. 

One  might  wonder  whether  the  hydrogen-deutarium 

molecule  HD  might  be  an  effective  cooling  agent  3ince  for 

this  molecule  both  even  and  odd  J  levels  are  possible  and 

the  excitation  energy  of  the  J  =  1  level  of  HD  is  only  about 

l/4  that  of  the  J  =  2  level  of  para -hydrogen.  Taking  a 

4 

D/H  abundance  ratio  of  10  and  assuming  that  the  excitation 
cross  sections  are  comparable  one  finds  that  the  critical 
temperature  below  which  HD  is  more  effective  than  is 
about  56°K.  At  such  low  temperatures  cooling  by  electron 
excitation  of  low  lying  states  of  ions  ( Ae^ )  would  be 


more  effective. 


100. 


101. 


2 .  Suprathermal  particle  flux  and  the  equilibrium 
temperature 

Thus  far  we  have  considered  only  cooling  processes. 

To  explain  the  observed  temperature  of  H  I  clouds  a  heating 

45 

mechanism  is  needed.  Hayakawa,  Nishimura,  and  Takayanagi 

have  considered  the  role  of  the  suprathermal  particles  in 

heating  the  clouds.  The  flux  needed  to  produce  the  observed 
/  0  \ 

temperature  (  -  100  K)  is  so  high  that  the  electron  density 
results  mainly  from  the  ionized  (by  the  suprathermal  protons) 
H-atoms  and  is  of  the  order  of  0.01  -  0.05  cm-^.  With  such 
a  high  electron  density,  the  main  source  of  cooling  is  A 

ei 

Setting  the  rate  of  heating  thru  ionization  by  suprathermal 

particles  |~^  equal  to  the  effective  cooling  rate 

one  can  relate  the  equilibrium  temperature  to  the  rate 

constant  for  ionization  by  suprathermal  particles.  This 
si 

was  done  by  HNT.  From  their  Fig.  2  one  finds  that  for  a 

temperature  125°K  corresponding  to  the  older2  21 -cm 

observations  and  for  a  cloud  density  of  n  =>  10  cm“^  the 

H 

required  rate  constant  for  ionization  by  suprathermal 

1  15  _1  ^  o 

particles  is  xsi  c:  10“  sec  .  For  a  temperature  of  60  K 

5  .1  _16  _i 

as  found  by  recent  investigators  a  value  ts1  n:  10  sec 
is  required  for  the  same  n^. 


IV.  DISSOCIATIVE  EFFECTS  OF  CLOUD  MOTIONS 


A.  Ionization  of  H  I  Clouds 

The  following  four  sections  concern  the  problem  of 
determining  the  rate  at  which  H  I  clouds  become  ionized 
thru  their  passage  near  bright  stars.  One  is  led  to  consider 
the  effect  of  relative  motion  of  gas  and  star  on  the  shape 
of  the  H  II  region  surrounding  the  star  and  this  problem 
is  treated  in  the  second  section.  The  methods  developed  in 
this  section  are  employed  to  calculate  the  Stromgren  radii 
of  main  sequence  0  and  B  stars  and  the  mean  free  path  for 
ionization  of  the  clouds. 

1 .  Mean  time  between  ionizations  -  basic  physical 
assumptions 

The  interstellar  gas  is  in  a  state  of  turbulent 
motion,  the  average  cloud  velocity  being  v  **  2y  ^  20  km/3ec 
(see  Appendix  B).  Thru  this  random  motion  the  clouds  often 
pass  near  bright  stars  which  are  capable  of  ionizing  (and 
dissociating  the  clouds.  Thus  we  speak  of  a  cloud 
"encountering  an  H  II  region".  The  mean  time  between 
encountering  H  II  regions  would  be  =  A^/v,  where  A^  is 
the  mean  free  path  for  ionization.  Actually,  in  the 
galactic  disk  A^  turns  out  to  be  much  larger  than  the 
thickness  of  the  gas  layer  so  that  a  cloud  meanders  thru 
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essentially  all  values  of  z,  the  height  above  the  plane  of 

the  galaxy  between  ionizations.  X  is  a  function  of  z  and 

it  will  be  shown  rigorously  in  the  last  chapter  that  the 

appropriately  averated  X  is  the  harmonic  mean  whereby 
_1  1 

X_^  (z  )  is  averaged  over  z  according  to  the  amount  of  time 
a  cloud  spends  at  the  particular  z.  Hence  the  effective 
rate  constant  for  ionization  is 


Y±  =  v  <-K±  ) 


(150) 


_  _16  1 

We  shall  see  that  y  has  the  value  ~  3  x  10  sec-  , 

1  8 

giving  a  mean  time  between  ionizations  of  ~  10  yr.  The 
rate  constant  is  quite  large  indicating  that  this  process 
may  well  constitute  the  most  important  mechanism  for 
dissociation  of  molecular  hydrogen  in  H  I  clouds. 

We  now  treat  this  problem  in  detail,  that  is,  we 
consider  the  problem  of  determining  the  ionization  produced 
in  a  moving  cloud  when  it  passes  near  a  bright  star.  In 
a  large  cloud  there  will  not  be  complete  ionization;  only 
that  fraction  of  the  cloud  which  is  carved  out  by  the 
Stromgren  sphere  will  be  ionized.  It  might  be  objected  that 
as  soon  as  the  cloud  would  come  near  the  star  and  its  outer 


edges  became  ionized,  the  resulting  pressure  difference 
caused  by  the  ionized  gas  would  lead  to  dynamical  motion 
of  the  unionized  gas  away  from  the  star.  In  this  case  the 
gas  in  the  cloud  would  flow  around  the  star  as  indicated 
in  Fig.  25  below.  The  effective  cross  section  for 
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Pig.  25 

Possible  dynamical  motion  of  gas  near  star 

ionization  that  the  star  would  present  to  the  cloud  would 
then  be  smaller  than  if  there  were  no  dynamical  motion. 
However,  simple  considerations  of  the  motion  of  the  gas  at 
the  boundary  of  the  H  II  region  suggest  that  these  dynamical 
effects  can  be  neglected  if 

v2  £  kT±/M  c:  v2a  ,  (151 ) 

where  is  the  temperature  (10^°K)  of  the  H  II  region,  M 
is  the  proton  mass,  and  v  is  the  velocity  of  sound  in  the 
H  II  region.  The  inequality  (151)  means  simply  that  if  the 
relative  velocity  of  the  medium  with  respect  to  the  star 
is  greater  than  the  sound  velocity  in  the  ionized  medium, 
then  dynamical  motions  can  be  neglected.  Physically,  this 
results  because  the  gas  moves  by  the  star  so  fast  that  the 
pressures,  which  result  from  the  temperature  difference 
between  the  ionized  and  non-lonized  regions,  do  not  have 
sufficient  time  to  act  and  cause  motion  of  the  gas.  Since 
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v  ~  10  km/sec  and  v  -  20  km/sec,  we  shall  assume  (151 ) 
s 

satisfied  for  the  encounters  of  H  I  clouds  with  H  II  regions 
and  consider  the  problem  of  determining  the  shape  of  an  H 
II  region  which  results  when  the  star  and  cloud  have 
relative  motion. 

2.  H  II  regions  fora  moving  medium  -  the  ionization 
equation 

We  take  the  reference  frame  in  which  the  star  is 
at  rest  at  the  origin,  and  in  which  the  medium  moves  past 
the  star  with  velocity  v  to  the  left  (see  Pig.  26).  We  use 


spherical  polar  coordinates  (r,  9,  <p  ).  Obviously,  the 
problem  has  axial  symmetry  (no  <f  dependences).  The 
velocity  of  the  medium  with  respect  to  the  star  will  be, 
in  spherical  polar  coordinates,  Ik  =  (v^,  v^,  )  = 

(-v  cos  9,  v  sin  0,  0).  The  rate  of  change  of  concentration 
of  species  I  in  the  element  of  volume  dx  will  be  determined 
by  the  equation 
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\  *  v'Vn±  ■  (15£) 


We  consider  the  case  where  a  steady  state  exists,  so  that 

dn. 

— =  0.  Taking  1  to  correspond  to  hydrogen  atoms,  nH 
would  be  given  by 


_1  _ 

n  =  -  t  n  .  +  a  v  n  n  ,  (153) 

H  V  H .  .  P  e  p 


where  the  first  term  represents  photoionization  and  the 

second  term  recombination.  We  neglect  the  effect  of 

molecules  which  for  the  unionized  cloud  can  be  expected  to 

have  a  concentration  ru.  n  .  This  neglect  of  molecules 

n2  H 

can  be  considered  to  be  justified  by  the  results  In  Appendix 

C  In  which  it  is  shown  that  the  "molecular  Stromgren  sphere" 

extends  beyond  the  ordinary  sphere  of  ionization.  That  is, 

the  molecular  concentration  Is  appreciable  only  at  distances 

from  the  star  where  the  gas  is  almost  completely  neutral, 

so  that  the  Ionization  problem  can  be  considered  separate 

from  the  dissociation  problem. 

In  calculating  It  will  be  justifiable  to  assume  that 

all  the  hydrogen  atoms  are  In  the  ground  state,  since  the 

hydrogen  atoms  formed  from  electron  captures  In  excited 

states  will  quickly  drop  down  to  the  ground  state.  Thus, 

_1 


In  computing  we  can  consider  only  photoionizations  from 
the  ground  state.  The  ionizing  photons  come  from  two 
sources :  (1 )  from  the  central  star,  and  (2 )  from  electron- 

proton  radiative  recombinations  to  the  ground  state.  We 


107. 


shall  avoid  considering  the  latter  photons  by  using  the 
following  procedure:  We  consider  n^  to  be  due  to  photo¬ 
ionization  only  by  radiation  from  the  central  star  and 
recombinations  to  only  excited  states.  A  little  reflection 
shows  that  this  is  a  very  reasonable  procedure.  When  an 
electron  is  captured  into  the  ground  state,  the  resulting 
photon  emitted  can  be  considered  (roughly)  equivalent  to 
the  photon  which  initially  ejected  the  electron  from  another- 
nearby  atom.  The  process  involves  essentially  the  exchange 

i 

of  an  electron  between  two  protons  (see  Pig.  27  below). 


Photoionization-recombination  process 


The  final  photon  will,  of  course,  be  emitted  in  an  arbitrary 
direction  so  that  the  assumption  is  made  that  this 
recombination  radiation  intensity  varies  with  distance  from 
the  star  in  the  same  manner  as  the  stellar  radiation.  This 
is  a  very  reasonable  assumption  since  in  a  steady  state  the 
recombination  rate  is  proportional  to  the  intensity  of  the 
stellar  radiation  field.  Hence,  if  we  denote  by  the 

w  f\tr\ 


108. 


rate  constant  for  photoionization  by  the  stellar  radiation 
field,  and  by  a^v  the  product  of  the  capture  cross  section 
and  electron  velocity  summed  over  principle  quantum  numbers 
n  =  2,  3,  4,  ...  and  integrated  over  the  velocity  distri¬ 
bution  of  the  electrons,  we  have 


n 

H 


_1 

T 

yo 


n„  +  a  v  n  n  . 
H  Pep 


(154) 


In  spherical  polar  coordinates,  the  "flow"  term 
V  •  Vnjj  In  (155)  Is 

V  -VnH  -  -  7  (cos  6  |£  .  Bln_0  *jg,  .  (155) 

We  now  introduce  the  degree  of  ionization  x  and  the 

total  heavy  particle  density  n  . 

o 


1  -  V(ne  +  V  ] 

n  =  n  (neutrality) 
e  p 

no  -  np  +  "h  ■  ne  +  "h 


(156) 


For  a  constant  nQ  (152 )  becomes  an  .  equation  for  the  degree 
of  ionization  x(r,0).  In  the  case  of  a  steady  state 
(■gjr  -  0)  we  have 


Vno(l  "  x) 


A  ~r-  2  2 
+  opv  nQx 


-  vn_(cos 


•s 


sin  0  dx  n 

m =  0 

(157) 


This  equation  differs  from  the  ordinary  equation  for  a  static 
medium  by  the  addition  of  the  third  term  with  the  coefficient 
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We  shall  take  the  radiation  field  of  the  star  to  be 

that  of  a  black  body  of  temperature  T  ,  diluted  by  a  factor 

2  2  tr 

W  =  R  /4r  ,  and  reduced  thru  absorption  by  a  factor  e" 


Thus, 


70 


1  =  (R2 /4r2 )  /  3  a  e 


do> 


(158) 


where 


1  =  (_o>\2  p-WkTc 


7TC 


°oj  =  at  (approximately), 

(r,0)  =  nQ  /  (1  -  x(r',0))  dr' 


(159) 

(160) 
(161) 


The  subscript  t  in  a,  and  uv  stands  for  threshold.  In  the 
_ __  t  ^  - 

calculation  of  o'v  we  assume  the  electron  temperature  T 
P  _  e 

to  be  uniform,  thus  making  o^v  simply  a  constant.  This 
Is  probably  a  good  approximation  even  at  the  boundary  of 
the  H  II  region  since  the  electrons  Involved  in  recapture 
have  been  photoejected  from  H-atoms  and  are  likely  to 
correspond  to  the  temperature  of  the  H  II  region  rather  than 
to  the  temperature  of  the  neutral  region.  Moreover,  o'v 


.-1/2 


P 


goes  roughly  as  T  and  so  is  not  strongly  dependent  on 

© 


temperature , 


o'v 


It  is  given  by 
2  A 


where 


49 


(ttL) 


175-  P  ♦'  (P)  > 


(162) 


0  =  -ficu^/kT  ,  L  =  m  /2kT 


(165) 
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A  =  2  5  3“'5//2a57rao2  =  2.11  x  10"22  cm2  (l64 ) 

2  2  2 

a  =  e  /tic,  a  =  -ft  /m  e  ,  (165) 

o  e 

00  2 

♦  ’(p)  =  21  %  eP/n  K(p/n2)  =  *(p)  -  peP  K(p),  (166) 

»sl  n 

and 

/Vu 

k(p)  -  JA  u~  (167 ) 

The  function  4>(p)  has  been  taulated  by  Spltzer  and  Is  of 

the  order  of  unity.  It  is  Interesting  to  compare  (164 ) 

2 

with  (ll).  The  factor  ira.Q  is  roughly  the  collision  cross 

3 

section  and  it  may  be  shown  that  a  is  approximately  A^t 
where  A^  is  the  characteristic  spontaneous  electric  dipole 
transition  probability  per  unit  time  and  t  is  the 
characteristic  time  for  electronic  motion  in  atoms . 

Returning  now  to  (157  )>  we  have  for  the  equation  to 
be  solved  for  x(r,0): 

2  -00 

-  V1  -  *>  4  V»  e‘T“  <>“  +  V  "o* 

-  no»(oos  8  -  8l-"  9-  ||)  -  0.  (168) 

This  integro-differential  equation  can  only  be  solved 
numerically.  In  Appendix  C  methods  are  developed  for  its 
solution  and  results  are  given  for  a  particular  case  of  the 
parameters  R,  TQ,  nQ,  Tg,  and  v.  While  a  detailed  solution 
of  (168)  is  very  difficult,  the  solution  for  the  general 
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shape  of  the  H  II  region  can  be  found  with  comparative  ease, 

To  accomplish  this  we  first  multiply  both  sides  of  (l68) 

2 

by  r  dr  and  integrate  over  r  from  0  to  some  radius  r  . 


We  get 


1  2 


(l  -  x(r,©))r  dr 


,  -frCD  . 

V®  e  dU> 


f  £  f 

/  “r™  2  2  2  -  f  ° 

+  J  a^v  nxrdr-nv  / 

•/o  p  o  o 


r2  (cos  ©  |E 


sin  9  dx 


)dr  =  0 


(169) 


(170) 


r  "85 1 

From  (160)  we  have  the  identity 

-  n  (1  -  x(r,9))a  e-Ta>  = 
o  co  or 

Substituting  (170)  into  (169)  and  carrying  out  the  r 
integration  in  the  first  term,  we  have 

T  *  0“  +  /  “P7  nox2r*4r 

-  nQv  £  r2  (cos  9  -  s.1.^  9  |j)dr  -  0.  (171) 


We  choose  a  value  of  rQ  much  larger  than  the  H  II  region 


boundary  so  that  T^(rQ )  >>  1>  and 
first  term  in  (170)  is  then 


-1 .  The 


-  T  r2  f  V®  “  ’  V  +  2^o  +  2)e'Po  ,  (172) 

a  =  ii/kT  .  p0  =  flcD. /kT  .  (173) 


where 
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This  term  is  Independent  of  ©. 

Now,  the  variation  of  x  with  r  is  of  the  form  shown 
below  (Fig.  28). 


Fig.  28 

Ionization  as  a  function  of  distance  from  star 


One  is  thus  lead  to  define  a  quantity 

>S  —  00 

3,.  -v  _  / 

rs 


,rt-*oo 

■^(0 ;v)  =  3  /  x2(r,9;v  )r2dr 


(174) 


For  an  infinitely  sharp  ionization  boundary,  r  (0;v)  would 

s 

be  Identical  to  the  radius  of  the  boundary.  Clearly, 
rs(0;v)  with  v  =  0  is  to  be  Identified  with  the  radius  rg 
of  the  classical  Stroragren  sphere  which  by  (171),  (172), 
and  (174)  is  equal  to 


2  \  +  2|V  +  2 


Thus,  from  eq.  (171 )  thru  (175)  we  have 


r  5(©;v) 
8 


+ 


(cos 


0  3F 


(175) 


Bin  0  dx\j_ 

r  S5)dr 


(176) 
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Since  the  ionization  x  varies  only  near  the  boundary, 
Bx/dr  will  vary  as  below  (Fig.  29). 


For  an  infinitely  sharp  boundary 


||  — ♦  6(r  -  rB(0;v))  .  (177) 

Moreover,  for  moderate  asymmetries  in  the  (distorted) 
Stromgren  sphere  it  can  be  assumed  in  first  approximation 
that 

»  Sip  £  (178) 


Because  of  (178 ) ,  we  neglect  the  second  term  in  the 
integrand  of  (176)  and  also  make  use  of  the  approximate 
limiting  case  (177)  to  get 

r  ^(©;v)  =  r  ^ - r  2(©jv)  cos  ©  .  (179) 

8  8  n  civ  8 

o  P 


If  the  second  term  on  the  right  in  (179)  is  small,  we  can 
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replace  r  (9;v)  In  It  by  r  and  get  the  following  simple 
s  s 

relation  for  r  (9;v): 

s 


r  (9;v)  =  r  (l  -  e  cos  9)  (l80) 

s  s 

where  the  asymmetry  parameter  e  is 


e  = 


n  a  ' v  r 
op  s 


(181) 


It  is  interesting  to  note  that  €  can  also  be  written  as 


e  =  Trec/Tv  (l82) 

___  _1 

where  'rrec  (=  (nQ  )  )  is  the  characteristic  time  for 

recombination  and  t-(=  r  /v)  is  the  time  for  medium  to 

tranverse  a  distance  equal  to  the  Stromgren  radius.  Since 

-2/5 

rs°cno  ' 


e  oc 


(185) 


where  r  is  the  Stromgren  radius  for  n  =  1  cm"  .  A 
so  o 

typical  value  of  e  would  be  that  corresponding  to  r  =  10  pc, 
_5  _  s 

n  »  10  cm  ,  and  v  =  20  km/sec.  For  these  conditions  we 
o 

get  €  2s  0.02.  The  function  l-«cos  9  is  shown  for  several 
values  of  the  asymmetry  parameter  e  in  Fig.  50.  The  general 
shapes  exhibited  in  Fig.  50  are  as  one  might  expect,  that  is, 
there  is  an  ionization  front  which  is  closer  to  the  star  in 
the  direction  of  the  oncoming  medium  and  farther  away  in 
the  opposite  direction. 
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Fig.  50 

Polar  plot  of  l-ecosP  for  various  values  of  e.  The 
medium  moves  to  the  left  past  the  star  denoted 

by  a  dot. 

The  result  obtained  for  the  shape  of  the  H  II  region 
assumes  that  a  steady  state  exists  since  earlier  we  had  set 
the  partial  derivatives  of  the  particle  densities  with 
respect  to  time  equal  to  zero.  For  this  condition  to  exist 
for  most  of  the  star-cloud  collision  the  condition 
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T 


s 


« 


T 

C 


(184) 


would  have  to  be  satisfied,  where  r  is  the  characteristic 

S 

II  — 

time  for  formation  of  a  Stromgren  sphere  and  t  =  r  /v 

c  c 

is  the  time  that  the  star  spends  In  or  near  the  cloud,  r 

c 

being  the  cloud  radius.  The  time  t  is  essentially  the 

O 

time  required  to  carve  out  a  Stromgren  sphere  If  a  star  was 

suddenly  placed  Inside  of  a  cloud  and  this  time  is  roughly 

equal  to  the  characteristic  time  for  electron-proton 

recombination  t  .  For  consider  the  development  of  the 
rec . 

ionization  front  as  it  progresses  away  from  the  star.  The 
velocity  of  the  ionization  front  will  be  proportional  to 
the  ultraviolet  flux  behind  the  front  and  this  flux  is  the 
same  as  the  flux  at  this  value  of  r  for  the  final  steady 
state  Stromgren  sphere.  One  can  show  from  direct  calcula¬ 
tions  for  the  static  Stromgren  sphere  that  this  flux  drops 
sharply  near  the  boundary  of  the  sphere.  Hence,  the  time 
to  form  the  whole  Stromgren  sphere  is  essentially  the  time 
to  ionize  the  last  optical  thickness  at  the  edge  which  in 
turn  is  equal  to  the  characteristic  time  for  recombination. 
Thus, 


and 


TS  ~  Trec. 

TS/Tc  ~  Trec/^rc/7)  S  €’  * 


(185) 


(186) 
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It  should  be  realized  that  t  (and  e')  are  Independent  of 
the  properties  of  the  central  star.  One  finds  that  for 

_2 

typical  cloud  velocities,  densities,  and  radii  that  e'  ~  10 
so  that  the  steady  state  Is  likely  to  be  closely  approached. 

ii  "  „ 

To  observe  such  a  distorted  Stromgren  sphere  one 

should  look  for  H  II  regions  whose  exciting  star  does  not 

lie  at  the  center  of  the  region.  The  off-center  star  would 

probably  be  easier  to  detect  that  the  distorted  H  II  region 

since  as  Pig.  30  shows,  the  ionized  regions  retain  their 

spherical  shape  for  moderate  values  of  the  asymmetry 

parameter  e.  The  exciting  star,  however,  is  displaced  from 

the  center  of  the  H  II  region  by  an  amount  er  ,  a  quantity 

s 

of  first  order  in  e. 

3.  Strttmgren  radii 

It  is  of  interest  to  compare  the  Strfimgren  radii 

rgo  (density  =  1  cm-^)  calculated  from  (175)  with  the 

radii  sQ  calculated  according  to  the  original  Strflmgren 

theory.  The  latter  radii  are  conveniently  calculated  from 

50 

the  expression  given  in  Aller's  book.  The  data  on  the 

stellar  radius  (R)  and  black  body  surface  temperature  (Tq) 

needed  to  calculate  the  Strtimgren  radii  were  taken  from 

two  sources :  (l )  for  Mv  >  -2  (B  stars )  from  the  compilation 

given  by  Schwarzschlld,*’1  and  (2)  for  <  -2  (0  stars) 

from  the  results  of  the  theoretical  model  calculations  of 

52 

Haselgrove  and  Hoyle.  The  vs.  Mv  and  R  vs  Mv  curves 
from  these  two  sources  were  made  to  join  smoothly  at 
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M  =  -2.  Some  of  the  resulting  stellar  radii  and  tempera- 
v 

tures  are  given  in  Table  3  below.  For  the  calculation  of 

4o 

r  and  s  and  electron  temperature  T  =  10  K  was  assumed 
so  o  _  e 

in  all  cases  (giving  cjpV  =  2.73  x  lO-1'5  cm-'1  sec-1).  The 

calculated  Strtimgren  radii  are  shown  in  the  table.  The 

absolute  visual  magnitude  M  was  related  to  the  bolometric 

53 

magnitude  by  means  of  Kuiper's  bolometric  corrections 
for  different  surface  temperatures.  Also  tabulated  is  the 
main  sequence  luminosity  function  <>  for  the  solar  neighbor- 

54 

hood  as  given  by  Sandage  and  the  calculated  fraction  q 
of  the  photon  flux  that  is  on  the  short  wavelength  side 
of  the  Lyman  limit.  To  a  good  approximation  q^^  is  given  by 


4 


i 


where  T(5)  is  the  Riemann  zeta-function  of  argument  3  and 
equals  1.202.  The  quantity  d  shown  in  the  last  column  of 
the  table  in  the  linear  distance  travelled  by  a  cloud  moving 
at  10  km/sec  during  the  main  sequence  burning  time  of  the 
star  characterized  be  the  particular  value  of  Mv.  This 
distance  may  be  of  some  use  in  considerations  of  the 
spatial  correlation  of  bright  stars  and  gas  clouds. 

The  close  agreement  between  r  and  s  exhibited  in 

so  o 

Table  3  Is  surprising.  In  his  treatment  of  the  problem 
StrBmgren  neglected  (l )  the  variation  of  the  absorption 
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cross  section  with  frequency  (this  does  not  affect  the 

Str&ngren  radius,  however),  (2)  captures  to  excited  states, 

(3)  the  effect  of  the_r.ecombination  radiation,  and  (4)  the 

specific  character  of  the  spectrum  of  the  photon  flux  from 

the  central  star.  Since  all  of  these  were  taken  into 

account  in  the  calculation  of  r  ,  the  very  close  agreement 

so 

with  s  must  be  considered  somewhat  accidental, 
o 

4.  Calculation  of  -  the  "small  cloud  approximation" 

As  we  have  seen,  the  asymmetry  in  H  II  regions  due 

to  the  relative  motion  of  gas  and  star  can  be  expected  to 

be  small  in  most  cases  so  that  the  cross  section  for 

2 

ionization  that  a  star  presents  to  a  cloud  is  irr  .  With  a 

s 

distribution  of  stars  as  given  by  the  luminosity  function  4> 
(number  of  stars  per  cubic  parsec  per  interval  of  absolute 
visual  magnitude  M^)  the  mean  free  path  for  ionization 
would  be  given  by 

\  -  (T  J  rg  ♦  <*MV)  .  (188) 

With  the  3tellar  radii  and  temperatures  and  the  main  sequence 

luminosity  function  taken  from  the  same  sources  that  pro- 

2 

duced  the  results  in  Table  3  one  calculates  the  r  4>  vs. 

3  so 

M  and  r  ♦  vs.  M  curves  shown  in  Fig.  31.  The  curves 
v  so  v 

shown  in  Fig.  31  will  no  doubt  need  considerable  revision 
when  better  data  on  stellar  temperatures  and  radii  are 
available.  The  StriJmgren  radii  produced  by  the  relatively 
cool  stars  are  especially  strongly  dependent  on  temperature. 
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For  example.  If  the  temperature  of  a  star  Is  raised  from 
20,000°K  to  25,000°K,  the  Strtimgren  radius  is  increased  by 
a  factor  of  two. 

5 

The  curve  r  ♦  indicates  that  the  main  contribution  to 
so 

the  ionization  of  the  interstellar  clouds  comes  from  the 

main  sequence  stars  around  »  -4.  These  stars  are  so  hot 

that  they  ionize  a  number  of  clouds  surrounding  them.  Hence, 

it  is  best  to  adopt  the  picture  where  the  clouds  (radii  ~ 

5  pc )  are  small  compared  with  the  radius  of  the  ionized 

region.  The  StrUmgren  radius  used  to  calculate  A  in  (188) 

will  then  be  different  from  the  radius  of  the  ionized  region 

for  a  uniform  medium.  We  denote  the  radius  (in  the  small 

cloud  picture)  of  the  ionized  region  surrounding  the  star 

by  r  .  All  clouds  within  r  of  a  star  will  be  ionized.  We 
s  s 

consider  the  intercloud  medium  to  have  a  negligible  density 
and  denote  the  fraction  of  the  volume  occupied  by  the  clouds 
by  f^,  the  cloud  (total  heavy  particle)  density  by  nQ 
(assumed  the  same  for  all  clouds),  and  the  mean  (smeared 
out )  density  by  nQ . 

f  =  nQ/no  •  (189) 

c 

Moreover,  we  denote  the  Strtimgren  radius  for  a  uniform 

medium  (density  n)  by  r  (M  ,n)  which  is  proportional  to 
.2/5  s 

n  .  The  radius  of  an  ionized  region  of  uniform  density 
n0  (no  discrete  clouds)  would  then  be  rgfM^n  ).  To 
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calculate  ~K  one  needs  the  radius  r  of  the  Ionized  region 
1  s 

surrounding  the  star.  The  relation  between  r  and 

s 

r  (M  ,n  ),  the  Stromgren  radius  which  would  result  If  the 
s '  v  o 

medium  were  of  uniform  density  n  ,  Is  easily  obtained  since 
for  any  region  of  ionization  surrounding  a  star  of  given 
radius  and  surface  temperature 
2 

(density )  x  (volume  where  recombination  occurs )  =*  constant . 


Hence, 


_2  3.  _  .  2  _3 

n  r  (M  ,n^ )  -  n  f  r_  *  n  n  r_ 

O  S  '  V  O  OcS  oos 


(190) 


so  that  the  relation  between  r  and  r  (M  ,n  )  is 

S  S  V  U 


-3 


n. 


(191) 


rs  =  rs(Mv’  no*  no}  =  r£  rs  (Mv'no)  * 

-  -  -V3  _5  _-l 

Since  r  (M  ,n  )  oc  n  ,  r  oc  n  if  n  is  fixed, 

s  v  o  o  so  o 

The  mean  free  path  for  ionization  of  a  cloud  is  then 
given  by 

\  =  VW  nO}  ‘“V 


7r(no/no)  ^  ♦<>«,>  vl  K’%  )dMv  ar(nono) 


■2/3 


(192) 


2  _  ,  _-V3  1  .-2/3 

Since  r  H  ,n  oc  n„  ,  V  <c  n  .  Now,  the  density  to 
a  v  o  o  1  o 

i 

be  used  in  the  calculation  of  A"  should  be  the  total 
density  (atomic  +  molecular:  nQ  =  n^  +  2ng,  n1  =  atomic 
density,  n =  molecular  density).  The  molecular  density  is, 
of  course,  unknown.  We  are  attempting  to  calculate  it.  It 
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will  be  shown  that  one  can  expect  an  amount  comparable  to 

the  atomic  density  to  be  In  molecular  form.  The  observed 

—  3  3 

atomic  densities  are  (roughly):  n^  =  1  cm"  ,  n^  =  10  cm"  . 

For  the  present  we  shall  assume  that  half  the  hydrogen  Is 

In  molecular  form  so  that  n  =  2  cm‘^,  n  =20  cm~^.  The 

o  o 

end  result  of  our  analysis  predicting  the  molecular  abundance 

should,  of  course,  be  consistent  with  this  assumption  which 

we  make  here  to  estimate  the  effect  of  ionization.  With 

1  3 

these  assumed  densities  one  calculates  ?v~  =  0.800  x  10" 

pc-1  from  (192). 

One  can  also  calculate  the  fraction  f^  of  the  inter¬ 
stellar  clouds  that  are  Ionized.  This  fraction  is  given  by 

fi  -  TL/*(Mv)^(Mv,H 0,n0)dMv 

=  y-  (n/nQ  )  /  ♦  (Mv  )  • 

(193) 

-  3  3 

Substituting  nQ  =  2  cm"  and  nQ  =  20  cm"  ,  one  calculates 

f ^  5;  0.01.  If,  however,  one  substitutes  instead  the 

observed  (rough)  values  for  the  densities  of  atomic  hydrogen 
_  3  3 . 

(n  =  1  cm"  ,  n  =  10  cm  ),  one  obtains  roughly  0.04  for 
00 

the  fraction.  The  observed  fraction  is  about  0.1  so  that 

it  would  seem  that  the  agreement  with  observation  is  better 

when  we  do  not  allow  for  the  molecules.  If  the  ratio 

n  /n  =  1/10  is  retained,  the  calculated  fraction  is  10# 

0  —  3 

for  n  »  0.6  cm"  which  Is  fairly  close  to  the  best  value 
o 
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of  0,8  cm-^  as  determined  from  the  21-cm  investigations. 

However.,  as  mentioned  earlier,  the  calculated  Strtimgren 

radii  may  he  in  serious  error  because  of  the  uncertainties 

in  the  adopted  temperatures.  It  might  be  mentioned  that 

the  observed  fraction  ionized  of  10$  corresponds  essentially 

to  the  ratio  of  total  ionized  hydrogen  (atomic  +  molecular) 

to  unionized  atomic  hydrogen.  This  observed  fraction  is 

related  to  f..  by  (f.  )  =  f  /(l  -  <F>  ),  where  <F )  is  the 

1  1  obs  i 

mean  fraction  of  the  hydrogen  which  is  in  molecular  form. 

The  dependence  of  (f ,  )  on  the  molecular  density  is  some- 

1  obs  i 

what  complicated,  since  as  <fF>  — *  1  the  factor  (l  -  <F >  )” 

tends  to  increase  (.f .  ) 

1  obs 

Because  of  the  nonuniformity  of  the  medium  (discrete 

clouds  of  high  density)  the  actual  regions  of  ionization  will 

not  be  perfect  spheres.  The  fluctuations  in  the  radius  of 

the  ionized  medium  will  be  o.f  the  order  of  the  mean  free  path 

distance  to  another  cloud  X  ~  50  pc.  The  radius  (r  )  where 
„  s 'm 

—3  —  3 

rs<t>  is  a  maximum  is  roughly  15  pc  (for  no  =  2  cm  ,  nQ  = 

20  cm~^),  indicating  a  sizeable  deviation  from  spherical 

symmetry.  However,  since  there  is  an  observed  tendency  of 

clustering  of  gas  clouds  around  0  and  B  stars,  these  figures, 

which  correspond  to  the  condition  n^/n^  as  0,1,  can  be  expected 

to  be  different  for  the  typical  ionization  region.  T  oc 
_ 1  .  _ 1/3 

nQ  ,  while  (rg )  oc  nQ  ,  so  that  the  effect  of  clustering 

of  clouds  around  the  stars  would  decrease  the  ratio  X/(r  ) 

s  m 

and  thus  decrease  the  asymmetry  effect.  However,  the 
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resulting  overall  error  In  the  calculated  value  of  7^  may 

amount  to  a  factor  of  about  2. 

One  might  wonder  how  the  clustering  clouds  around  the 

_1 

stars  would  affect  the  calculation  of  f  and  .  The 

apparent  clustering  around  stars  probably  results  because 

there  Is  a  higher  probability  for  say,  an  0  star  to  be  born 

if  the  medium  Is  more  dense.  The  0  star  and  cloud  aggregate 

have  a  rather  small  gravitational  attraction  for  another 

cloud.  The  presence  of  the  0  star  would  then  be  interpreted 

as  a  result  of  a  density  fluctuation  in  the  interstellar  gas. 

In  this  picture  the  phenomenon  of  ionization  of  clouds 

would  correspond  to  a  chance  occurance  of  the  cloud  in  a 

region  of  high  density  where  a  star  has  formed.  With  the 

clustering,  however,  the  same  amount  of  ionization  is 

produced.  This  can  also  be  seen  thru  the  following 

reasoning.  The  number  of  cloud  ionizations  produced  in  a 

given  region  would  be  proportional  to  the  probability  of 

a  cloud  being  within  the  ionization  distance  of  an  0  star 

and  also  to  the  number  density  of  clouds  ionized  within  the 

region.  The  probability  of  being  within  the  ionization 

distance  of  the  0  star  is  proportional  to  the  volume 

(ocrl)  of  the  ionized  region,  since  this  is  purely  a 
0 

statistical  phenomenon.  If  the  region  of  high  density  where 
the  0  star  has  formed  has  a  cloud  density  n' ,  this  latter 

-1  _3  .  1 

probability  is  proportional  to  (nQ)  (since  rg  -a c  (no)“  ). 

But  the  number  density  of  clouds  ionized  within  the  region 
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Is  proportional  to  nQ,  so  that  when  one  takes  the  product 
of  the  two  factors  the  dependence  on  density  cancels.  Thus, 
the  calculation  of  f  is  not  affected  by  the  clustering  of 
the  clouds.  It  should  be  mentioned  however,  that  if  in  the 
clustering  the  internal  density  of  the  clouds  (n  )  is 
increased,  the  value  of  f^  (and  ^  )  will  be  affected. 

The  rate  of  ionization  of  clouds  is  affected  by  the 
clustering  although  only  slightly.  The  rate  of  ionization 
in  the  region  around  the  star  is  proportional  to  the  product 

!  g 

of  density  (rT  )  and  cross  section  for  ionization  (  o<:  r  oc 
,  o  s 

nQ  )  so  that  the  ionization  rate  is  proportional  to 

The  dependence  on  density  Is  thus  rather  weak. 

Since  the  actual  degree  of  clustering  is  not  known  very 

accurately,  the  correction  for  this  effect  will  not  be 

15 

carried  out  here.  It  might  be  remarked  that  Gold  has 
suggested  that  the  apparent  clustering  of  gas  around  young 
stars  could  be  an  effect  of  the  greater  probability  of  a 
cloud  recently  being  Ionized  when  it  is  near  the  star, 
giving  a  higher  atom  to  molecule  ratio  for  these  clouds. 

The  effect  of  clustering  of  stars  has  been  neglected 
here  since  a  separate  Strfimgren  sphere  was  assumed  for  each 
Individual  star  of  absolute  visual  magnitude  M^.  Actually, 

0  and  B  stars  tend  to  be  formed  in  numbers,  several  stars 
being  formed  in  a  small  "nest".  This  clustering  has  an 
effect  on  the  mean  free  path  for  ionization  of  the  clouds. 
For  the  radius  of  the  ionized  region  surrounding  N  identical 
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hot  stars  will  be  larger  than  the  radius  produced  by  a  single 

1/3 

star  by  a  factor  N  .  The  total  amount  of  ionization 

produced  is,  of  course,  independent  of  clustering.  The 

contribution  to  from  these  N  stars  is  reduced  by  a 

factor  N1^  below  the  contribution  that  the  N  separate  stars 

would  produce,  however.  The  effect  of  the  clustering  is 

essentially  to  produce  larger  H  II  regions,  the  number  of 

H  II  regions  being  decreased.  Again,  because  of  the 

l/3  1 

relatively  weak  dependence  (or  N"  )  of  on  the 

clustering  we  shall  not  try  to  correct  for  it .  It  should 
be  mentioned  that  due  to  the  larger  radii  of  the  ionized 
regions,  the  asymmetry  of  the  regions  resulting  from  the 
nonuniformity  of  the  Interstellar  medium  would  be  reduced. 

We  have  also  neglected  the  effects  of  a  velocity 
correlation  between  the  stars  and  the  gas  clouds  which  they 
ionize.  It  may  be . that  0  and  B  stars  tend  to  foim  more 
readily  when  a  group  of  gas  clouds  has  small  relative  motions. 
In  this  case  the  newly  formed  star  would  (for  a  while ) 

"carry"  its  surrounding  cloud  and  the  cloud  ionization  rate 
would  be  decreased.  The  magnitude  of  this  effect  is  larger 
for  the  more  luminous  stars  which  burn  on  the  main  sequence 
for  a  shorter  time  and  which,  therefore,  have  less  time  to 
escape  from  their  surrounding  cloud.  The  short  main 
sequence  burning  time  for  the  0  stars  has  an  additional 
effect  on  the  calculated  7^  when  the  burning  time  is  short 
compared  with  the  time  for  a  cloud  to  traverse  the 
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Strtimgren  sphere.  Here  one  should  view  the  process  of  cloud 
ionization  as  being  due  to  a  certain  star  formation  rate. 

For  the  luminous  stars  this  rate  is  essentially  given  by 
<t>/Tms  where  <t>  is  the  (observed)  main  sequence  luminosity 

function  and  t  is  the  main  sequence  burning  time.  One  may 

m  _1 
readily  show  that  due  to  this  effect  the  Integrand  of  Ai 

in  (192)  must  be  multiplied  by  1  +  4r  /3d,  where  d  is  the 

s 

distance  travelled  by  a  cloud  during  the  time  r  .  Using 

ms 

the  d-values  from  Table  3  and  the  r  calculated  for  the 

s 

—  3 

conditions  n  =  2  cm  ,  n  =  20  cm  one  obtains  the 
o  0 

2 

"effective"  rg0$  curve  given  by  the  dotted  line  in  Fig.  31. 

It  appears  this  effect  tends  to  cancel  somewhat  the  velocity 

correlation  effect  previously  mentioned. 

The  calculated  value  for  X^  corresponds  to  the  solar 

neighborhood  which  is  essentially  at  z  -  0,  the  plane  of 

the  galaxy.  It  will  be  shown  In  the  last  chapter  of  this 

work,  when  the  z-distribution  of  molecular  hydrogen  is 

discussed,  that  X.^  Increases  rapidly  with  z  and  that  the 

quantity  which  determines  the  effective  rate  constant  for 

ionization  is  the  harmonic  mean  of  X^  averaged  over  all  z 

with  a  weight  factor  which  is  essentially  the  observed 

distribution  of  atomic  hydrogen.  The  resulting  effective 

mean  free  path  for  ionization  is  about  twice  the  local  value 

at  z  =  0  or  roughly  2  kpc,  giving  an  effective  rate  constant 

16  _1 

for  ionization  of  about  3  x  10“  sec 


150. 


B.  Cloud-Cloud  Collisions 

,  o  .  14 

While  the  temperatures (  ~  5000  K)  produced  in 
completely  inelastic  cloud  collisions  are  not  high  enough  to 
cause  appreciable  dissociation  of  the  Hg  present  in  the 
clouds,  the  initial  violent  collisions  between  the  atoms 
and  molecules  of  the  cloud  can  be  more  effective  in  causing 
dissociation.  We  consider  the  most  violent  type  of  cloud- 
cloud  collision,  namely  a  head-on  collision.  On  collision, 
the  clouds,  which  we  denote  by  A  and  B,  penetrate  each 
other  (see  Fig.  52). 


Fig.  52 

A  cloud-cloud  collision 

The  shaded  (hot )  region  is  essentially  at  rest  relative  to 
the  remainder  of  the  clouds  since  the  mean  free  path  for 
collisions  is  only  a  very  small  fraction  of  the  radius  of  a 
cloud.  Thus,  the  situation  to  consider  would  be  that  of  a 
collision  between  a  molecule  of,  say,  cloud  A  moving  with 
a  velocity  v  and  a  hydrogen  atom  at  rest.  The  minimum 
velocity  v  needed  to  dissociate  the  molecule  would  corres¬ 
pond  to  a  dissociation  in  which  all  three  particles  are 
moving  with  the  same  velocity  in  the  direction  of  the  initial 
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velocity  of  the  molecule.  Solving  the  momentum  and  energy 
conservation  equations  we  find  for  this  threshold  velocity.- 

1/2 

v  =  (3D  /M)  ,  (194) 

t  ° 


where  Dq  is  the  dissociation  energy  (»4.5  eV )  of  the 

hydrogen  molecule  and  M  is  the  mass  of  the  hydrogen  atom. 

We  obtain  a  value  vfc  =  36  km/sec  for  the  threshold  velocity. 

Since  the  clouds  have  a  velocity  distribution  characterized 

by  an  exponential  factor  e_v^  with  »  10  km/sec,  only 

a  fraction  ~  e  cs  0.03  of  the  clouds  would  have 

sufficiently  high  velocities  to  produce  direct  dissociation. 

Moreover,  the  rate  constant  for  the  overall  process  would 

have  factors  <  1  which  arise  because  most  cloud-cloud 

collisions  are  not  head-on  and  most  H-Hg  collisions  will 

not  produce  the  most  favorable  (threshold)  kinematic 

results.  As  a  rough  estimate  for  the  rate  constant  for  this 

dissociative  process  we  take  10“^  Z  where  Z  is  the  collision 

14  1 

frequency  of  the  clouds  and  is  of  the  order  of  10"  sec"  . 

The  resulting  rate  constant  for  the  process  is  then  of  the 
-17  1 

order  of  10  sec  which  is  smaller  by  almost  two  orders 
of  magnitude  than  the  figure  corresponding  to  collisions 
between  the  clouds  and  H  II  regions.  Of  course,  if 
magnetic  fields  happen  to  prevent  the  penetration  of  the 
clouds,  the  effective  dissociation  rate  would  be  consider¬ 
ably  smaller. 
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C.  Cooling  Curves  and  the  Harmonic  Mean  Temperature 

1.  Heating  by  cloud-cloud  collisions  -  the  cooling 
equation  "" 

Some  attempts  have  been  made  to  interpret  the 
observed  temperature  of  H  I  regions  as  a  statistical  average 
over  many  clouds  at  different  temperatures.  The  different 
temperatures  arise  because  the  clouds  are  observed  in 
different  stages  of  cooling  after  having  been  heated  to 
about  3000°K  in  cloud-cloud  collisions.  In  cooling,  the 
temperature  of  the  cloud  is  determined  by  the  cooling  rate 
L(T)  =  /^hh  +  /lel  -  (we  neglect  other  sources  of 

cooling  such  as  interaction  with  grains).  The  temperature 
as  a  function  of  time  can  be  found  by  solving  the  equation 

dE/dt  -  -  L(T)  (195) 

where 

E  =  |  nkT  ,  (196) 

n  being  the  total  particle  density.  The  cooling  equation 
(195)  can  be  integrated  numerically  to  g.ve  T(t),  the 
temperature  as  a  function  of  time  after  heating.  Prom 
this  "cooling  curve"  the  mean  temperature  (averated  over 
time)  can  be  determined.  As  Figs.  23  and  24  show,  most  of 
the  cooling  at  high  temperatures  is  due  to  hydrogen  mole¬ 
cules,  while  the  low  temperature  cooling  is  due  predominantly 
to  excitation  of  ions  by  electrons.  The  temperature  where 
the  two  cooling  rates  are  equal  depends,  of  course,  on  the 


133. 


concentrations  of  the  molecules,  ion,  and  electrons.  For 

the  abundances  used  In  calculating  the  curves  In  Fig.  24, 

the  temperature  where  =  /!  -  f  is  about  50°K. 

brig  ei  ei 

Our  knowledge  of  the  abundances  is  based  highly  on  theory 
and  is  subject  to  change.  For  example,  the  C+  ions  which 
are  responsible  for  the  cooling  at  low  temperatures  may  well 
be  locked  up  in  the  interstellar  grains.  Fig.  33  shows  the 
low  temperature  dependence  of  L(T)  for  different  values  of 
nrr  with  n  fixed  at  2  x  10“^  cm-^  and  with  the  ionic 

rig  S 

concentration  given  by  (147).  Fig.  34  shows  the  cooling 
curves  corresponding  to  these  same  concentrations  under  the 
assumption  that  the  initial  temperature  of  the  cloud  is 
3000°K.  We  see  that  at  high  temperatures  the  temperature 
after  heating  is  strongly  dependent  on  the  molecular  con¬ 
centration.  This  illustrates  how  efficient  Hg  is  in  cooling 
a  cloud  down  to  a  temperature  of,  say,  100°K. 

2 .  The  harmonic  mean  temperature 
14 

Kahn  has  shown  that  the  temperature  determined 
from  21 -cm  studies  is  to  be  interpreted  as  a  harmonic  mean 

(T  =  ( <  l/T  >  )"  )  averaged  over  many  clouds.  However,  van 

55 

de  Hulst  has  questioned  this  interpretation  since  it 
assumes  that  the  clouds  are  optically  thin.  He  suggests 
rather  that  the  temperature  of  the  nearer  clouds  would  be 
impressed  more  on  the  observational  value.  To  obtain  a 

calculated  harmonic  mean  temperature,  one  must  integrate 

1  zt 

T~  over  t  with  a  weight  factor  e~  '  where  Z  is  the 
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collision  frequency  for  the  clouds.  The  factor  e  is  the 
probability  of  not  colliding  with  another  cloud  (and  being 
heated  again )  during  a  time  t .  The  harmonic  mean  tempera¬ 
ture  is  then 

/OO  “1 

T"  Z  e_Zt  dt)  .  (197) 

u 

This  expression  for  T  is  different  from  that  employed  by 

r2~'  _1 

Kahn  and  Seaton  who  used  T'  =  (Z  J  T"  dt )  which  is  the 

O 

harmonic  mean  for  an  individual  cloud  and  does  not  represent 
an  average  over  many  clouds  as  does  (197).  The  relation 
(197)  was  first  applied  by  Takayanagi  and  Nishimura  (TN). 

Since  the  clouds  cool  so  quickly  at  high  temperatures, 
the  result  1F  does  not  depend  strongly  on  the  value  of  T 
for  t  =  0.  With  T(t)  calculated  from  the  cooling  equation 
(195),  T  can  be  determined  by  employing  (197).  This  was 
done  for  several  combinations  of  densities  n  and  nu  by  TN. 

0  Hg 

Unfortunately,  the  resulting  T's  depend  strongly  on  Z  which 

is  known  only  to  order  of  magnitude.  The  following  qualified 

conclusion  can  be  made,  however.  If  heating  by  suprathermal 

particles  is  negligible  and  cloud-cloud  collisions  are  the 

14  1 

major  source  of  heating,  and  if.  Z  (  ~  10"  sec"  )  is  no 

larger  than  by  a  factor  of  about  5,  then  a  harmonic  mean 

temperature  of  125°K  would  appear  to  rule  out  molecular 

3  3 

densities  larger  than  about  10"  cm"  .  This  figure  was 
arrived  at  by  noting  that  the  curve  with  p  =  4  in  Pig.  34 
has  T  *  123°K  for  t  s  As  mentioned  early  In  the 
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Introduction,  there  are  conflicting  results  concerning  the 
21-cm  determinations  of  H  I  cloud  temperatures.  While  the 
early  investigators  reported  T  =  125°K,  more  recent  work 
indicates  a  value  in  the  neighborhood  of  60°K.  It  would 
be  desirable  to  remove  this  conflict  by  further  observational 
investigations.  At  present,  the  (indirect)  evidence  on 
the  basis  of  temperature  considerations  for  or  against 
a  large  H2  abundance  must  be  regarded  as  inconclusive. 


V.  SUMMARY  AND  DISCUSSION 


A.  Comparison  of  Rate  Constants 
1.  Formation  of  H2 

As  mentioned  previously  in  the  summary  in  section 

IID,  in  a  typical  interstellar  cloud  of  atomic  hydrogen 

3  .25  . 

density  ru  =  10  cm"  and  grain  (mass)  density  p  =  10  gm/ 

3 

cm  the  recombination  reaction  on  the  surface  of  the 
interstellar  grains  is  likely  to  be  the  most  important 
mechanism  for  molecule  formation.  The  range  of  grain 
temperatures  where  the  recombination  coefficient  is  close  to 
unity  is  coincident  with  the  expected  range  5-20°K.  It  must 
be  admitted,  however,  that  if  the  physical  properties  of  the 
grains  differ  appreciably  from  what  is  presently  thought, 
this  mechanism  could  become  inoperative.  If  this  is  the 
case,  the  associative  detachment  reaction  H"  +  H  — *  Hg  +  e 
Is  very  likely  to  be  the  most  important  mechanism  for 
molecule  formation  although  it  cannot  produce  a  rate  of 
molecule  formation  as  large  as  that  involving  the  grains. 

The  state  of  affairs  as  to  molecule  formation  might  be 
represented  as  in  Fig.  55  where  the  expected  range  for  the 
rate  in  a  typical  cloud  is  shown  for  the  two  most 
important  mechanisms. 
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Comparison  of  rates  of  formation  of  H2  by  the  two  most 
Important  mechanisms.  The  dotted  extension  for  the 
surface  recombination  process  indicates  the  possibility 
that  the  mechanism  may  be  inoperative. 


We  shall  assume  in  the  following  sections  that  the 
reaction  on  the  grain  surfaces  is  operative  so  that  the  rate 
of  formation  is  within  the  limits  defined  by  the  solid  line 
corresponding  to  H  +  H-S  — >  Hg  +  S  in  Fig.  35. 

2.  Dissociation 

The  four  most  important  mechanisms  for  dissociation 

of  H2  are:  (i )  dissociation  thru  the  forbidden  transition 

1Y"  — *  ^ ,  (ii)  ionization  (and  subsequent  dissociation) 
*~g  *-u 

by  cosmic  rays  (or  suprathermal  particles),  (iii )  ionization 
of  the  clouds  thru  random  encounters  with  bright  stars,  and 
(iv)  direct  dissociation  in  cloud-cloud  collisions.  The 
rate  constants  in  sec-1  associated  with  these  processes 
are  represented  in  Fig.  36. 
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Fig.  36 

Probable  range  of  values  of  the  rate  constants  for 
dissociation  of  Hg  by  various  processes. 


As  Fig.  36  shows,  the  most  important  processes  are  the 
ionization  of  the  clouds  by  bright  stars  and  (maybe ) 
dissociation  by  cosmic  rays.  If  the  cosmic  rays  are 
important,  it  will  be  their  low  energy  (suprathermal ) 
component  that  contributes.  Because  of  our  lack  of  knowledge 
of  these  low  energy  cosmic  rays  we  prefer  to  adopt  the 
cloud  ionization  process  as  the  chief  mechanism  for  limiting 
the  amount  of  Hg  that  builds  up  in  the  interstellar  clouds 
and  assume  that  the  true  cosmic  ray  flux  does  not  correspond 
to  a  rate  constant  as  large  as  the  upper  limit  exhibited  in 
Fig.  36.  We  shall,  however,  include  the  effects  of  cosmic 
rays  formally  in  some  of  our  equations  in  the  following 
sections  to  show  how  their  effects  come  in.  In  the  end, 
though,  we  discard  the  low  energy  cosmic  ray  (or  suprathermal 
particle)  hypothesis  since  there  is  no  compelling  reason  for 
believing  in  their  existence. 


The  overall  view  is  then  the  following.  In  H  I  clouds 
molecule  formation  takes  place  steadily  either  thru  surface 
recombination  on  the  interstellar  grains  or  by  the  slower 
process  of  associative  detachment  (H~  +  H  — *H2  +  e).  At 
the  same  time  the  molecules  are  (slowly)  dissociated  by 
cosmic  rays.  When  the  clouds  wander  near  hot  stars,  part 
or  all  of  the  cloud  becomes  ionized  (and  dissociated).  As 
the  cloud  moves  away  from  the  star,  electron-proton  recom¬ 
bination  takes  place  at  a  rapid  rate,  quickly  producing  a 
neutral  cloud.  We  assume  that  the  grain  surface  condition 

Q 

is  reestablished  in  a  time  short  compared  to  the  time  (10 
yr)  between  ionizations  of  the  cloud,  so  that  molecules 
begin  their  gradual  formation  essentially  immediately  after 
the  cloud  has  been  ionized.  The  molecular  concentration  In 
Individual  H  I  clouds  will  then  be  different,  depending  on 
how  recently  the  cloud  has  been  ionized. 

B.  Mean  Galactic  Abundance  of  Molecular  Hydrogen 

1.  Molecular  buildup  in  an  individual  cloud  -  very 
dense  regions 

Consider  a  cloud  of  total  heavy  particle  number 
density  nQ  with 

nQ  =  nx  +  2n2  ,  (198) 

n^  being  the  atomic  and  ng  the  molecular  density.  In  such 
a  cloud  the  molecular  concentration  ng  would  be  determined 
by  the  equation 
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where 


(201) 


We  shall  assume  n  and  y  remain  constant  during  the  con- 

o  g 

version  to  molecular  form.  Solving  (200)  for  n2(t)  with 
the  condition  ng (0 )  -  0  (assuming  the  cloud  was  last  Ionized 
at  t  ■  0)  we  have  for  the  fraction  of  the  hydrogen  in 
molecular  form: 


f(t)  -  2n2(t)/nc  -  F(t)/(1  +  pgc)  ,  (202) 


where 


y  t 

F(t)  -  1  -  e  8°  , 

(205) 

and 

?go  '  \\  • 

(204) 

For  the  case  of  a  very  dense  cloud 

for  which  possibly 

y  t  »  1 
gc 

r  — >  (i  +  Bgc  r1  . 

(205) 

This  corresponds  to  the  steady  state  condition  resulting 

from  an  equilibrium  between  formation  on  grains  and 

dissociation  by  cosmic  rays.  As  stated  previously,  it  is 

likely  that  £  «  1,  so  that  in  very  dense  clouds  one  can 

gc 

expect  to  find  most  of  the  gas  in  molecular  form  (if  Y_.t 

gc 

1). 

We  shall  be  interested  primarily  in  determining  the 
mean  fraction  ('P)  of  the  hydrogen  which  is  in  molecular 
form  in  the  spiral  arms  of  the  galaxy.  Most  of  the  H  I 

7 

clouds  have  densities  of  about  10  particles/cm  and  in 

estimating  <F)  in  the  following  section  we  assume  that 

all  the  clouds  have  the  same  heavy  particle  density  nQ, 

Moreover,  we  shall  take  p  =0  although  the  treatment  for 

gc 

non-zero  is  a  straightforward  extension. 

2.  Average  over  clouds 

We  shall  see  in  this  section  that  one  can  expect 
a  molecular  concentration  in  the  spiral  arms  of  our  galaxy 
which  is  comparable  to  the  atomic  value  and  that  the  mole¬ 
cular  hydrogen  should  be  distributed  spatially  in  the  same 
manner  as  the  atomic  hydrogen. 

(a )  Mean  molecular  abundance  -  Consider  a  strip 
(actually  a  sheet )  of  width  dz  at  a  height  z  above  the  plane 
of  the  galaxy  (see  Fig.  37).  In  dz  there  are,  say,  C(z)dz 
discrete  clouds  which  contain  NQ(z)dz  hydrogen  atoms  which 
may  be  free  or  part  of  a  hydrogen  molecule.  The  number  of 
hydrogen  molecules  in  dz  is  then  <F(z NQ (z  )dz/2,  <F(z)> 
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z 

- - 

Fig.  37 

Path  of  a  cloud 


being  the  fraction  of  the  hydrogen  which  Is  in  molecular 
form.  We  shall  be  concerned  with  the  calculation  of  <F(z)> 
For  a  cloud  in  dz  arriving  along  path  j  (see  Fig.  37) 
the  probability  that  it  was  last  ionized  at  a  total  linear 
distance  along  J  between  Sj  and  Sj  +  ds^  is  exp 


_1  , 

(-  /  (Sj)dsj)dSj,  ^  being  the  mean  free  path  for 


ionization.  In  travelling  this  distance  Sj  a  fraction 
F(Sj )  of  the 
cular,  where 


F(Sj )  of  the  hydrogen  in  the  cloud  will  have  become  mole- 


F(8j)  -  1  -  e’V(8J}  ,  (206) 

with 

t(sJ)  -  /v-x( s’)  dsj  .  (207) 


If  the  probability  of  having  arrived  along  J  is  W  ,  the  mean 

J 

fraction  in  molecular  form  at  z  would  be  given  by 


<Tf(z)> 


^"^ds  A'Ys)  exp(-^  X'Ys' )ds' )  F(s)  }j  Wj, 
J  (208) 
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with 

Zw  =  1  .  (209) 

i  J 

If  the  medium  were  uniform  in  density  and  there  were  no 
gravitational  field,  all  paths  would  be  equally  probable. 

If,  further,  A^z)  were  independent  of  z  and  equal  to  a 
constant  A^  we  would  have 

<F>  f  da  A""'"  e'8^1  F(s)  .  (210) 

For  the  case  (I )  A  :>>  A  (A  =*  mean  free  path  for  cloud- 

jL  c  c 

cloud  collisions )  the  cloud  makes  many  collisions  with  other 
clouds  between  ionizations  and 

_y  s/v 

FI(s)  -  1  -  e  6  ,  (211) 

where  v  =  2rj  is  the  mean  cloud  velocity  (see  Appendix  B). 

We  then  have  from  (210)  and  (211): 

<ri>  '  ’  (212) 

with 

M-  -  TgAj^/7  .  (215) 

For  the  case  (II)  A,  «  A 

1  c 

Fn(s)  “  1  "  e"YgS//V  ,  (214) 

and  one  should  Integrate  over  a  distribution  f(v)  of  cloud 
velocities  with 
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f(v)  =  pp-  e-v/V  .  (215) 

We  would  then  have 

~  04  +0» 

<"Fii)  =  /ds  l  dv  X-  e-s/Xi  f(v)  pn(s)  (216) 

-  U  -  uVk(u)  >  (217) 

where 

*00 

K(n)  -  /  y_1e-ydy  .  (218) 

The  two  functions  of  u.  ^FII^  '  are  ®raphed  ln 

Fig.  38. 


Fraction  ln  molecular  form  as  a  function  of  p. 

The  two  oases  I  and  IX  would  correspond  to  the  sltua- 


.tlons 

X:  A  «  V  «  h  ,  h 
c  1  BO 

(2191) 

XX t  V  «  A  «  h  .h_ 

1  0  BO 

(219II) 
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h  being  the  scale  height  (in  z )  of  the  galactic  gas  and  hn 
g  u 

the  scale  height  of  the  0  stars  (which  ionize  the  clouds). 
<F^>  and  would  then  he  calculated  from  the  local 

value  of  ix. 

The  actual  conditions  for  our  galaxy  in  the  vicinity  of 

the  sun  correspond  to  neither  case  I  or  II.  In  the  galactic 

plane  X  sr  1  kpc  and  X  2^  100  pc  while  h  ~  100  pc  and 
i  c  g 

hQ  2.  50  pc.  The  true  situation  approaches  the  completely 

non-local  case  in  which  between  ionizations  a  cloud  meanders 

thru  essentially  all  values  of  z  and  makes  many  collisions 

with  other  clouds  (X  »  X  ,  so  that  t(s)— >  s/v).  In  this 

X  c 

case  a  cloud  found  at  any  value  of  z  will  have  gone  thru 

all  z,  and  the  fraction  in  molecular  form  <F  >  would  be 

o 

independent  of  z.  To  calculate  <(Fq)>  one  need  know  only 

the  probability  of  spending  time  at  various  values  of  z. 

Since  <Fq>  is  independent  of  z  this  probability  can  be 

taken  from  the  observed  distribution  of  atomic  hydrogen  as 

56 

determined  by  the  21 -cm  studies.  Schmidt  gives  the  atomic 
distribution  a(z)  with  a(0)  -  1  and  this  is  exhibited  in 
Fig.  39  below. 

The  normalized  distribution  is 


A(z) 


*  (5  3 


/ 1(«) 


dz 


We  would  then  have  (see  eq.  208) 

•  j 

X  . 

ds ' 


/*;V) 


<'t> 


(220) 


s 


> 


(221) 
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Pig.  59 

Density  of  atomic  hydrogen  as  a  function  of  height  above 
the  plane  of  the  galaxy  (after  Schmidt).  This  dis¬ 
tribution  does  not  come  from  measurements  of  atomic 
hydrogen  densities  In  the  solar  neighborhood  but  Is 
thought  to  represent  well  the  density  distribution 
throughout  the  spiral  arms  of  the  galaxy.  A  gausslan 
distribution  with  the  same  half-width  Is  also  shown 
In  the  figure. 


with 

<^>  =  J  \  (z)  A(z)  dz  .  (222) 

1  r  cm  1 


The  fraction  <"Fo^  would  be  given  by 
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/da  /  dz  A"  (z)  A  (z )  e~S^}vi^F(s) 


/oc  2. 

ds  f  A"1)  e“s^i  ^  F ( 

O  1 


3  )  = 


p.  +  2 


(223) 


where  p,  is  now 


M-  = 


rg 


<*r>7 


(224) 


One  should  note  that  F Q(p.)^  approaches  1  slowly  (see 

Fig.  38,  ^F  ")  )  so  that  if  p,  were  large  there  would  still 
be  a  considerable  amount  of  atomic  hydrogen  on  the  average. 

For  an  individual  cloud,  however,  F(t)  approaches  1 
exponentially  at  large  t. 

According  to  eq.  192  and  its  associated  discussion 
.1  _-2/3 

A  q c  n  ♦,  where  n  is  the  mean  total  density  and  ♦  is 

1  0  1 
the  luminosity  function.  Since  Ai  is  determined  mainly  by 

the 0-8  star  component  of  the  luminosity  function,  we  should  take 

the  <£(z)  for  these  stars  in  computing  A"1  (z).  For  0  (and 

also  B)  stars 

.z2/h § 


$ (z )  *  * (0)  e~ 


(225) 


where  the  scale  height  hQ  is  related  to  the  mean  distance 
fzi  from  the  galactic  plane  by 


h  =  fP  Jzf 
0 


(226) 
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with  |z |  =  50  pc  as  given  by  Oort.  The  gaussian  distri¬ 

bution  (225 )  can  be  expected  to  be  quite  accurate  for  the  0 
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and  B  stars  since  It  would  result  from  the  linearity  in  K  , 

z 

the  gravitational  acceleration  in  the  z-direction.  For  the 

small  z-values  that  the  0  and  B  stars  have  a  linear  z- 

dependence  for  K  is  a  good  approximation  (see  section  B3  of 
z 

this  chapter).  The  distribution  function  for  nQ  is  essentially 
the  same  as  the  distribution  function  a(z).  Hence,  we  have 

2  2 

\  (z)  =  ^(O  e'Z  /h°  a"2^(z)  ,  (227) 

and 

=  ^(0)  /Q  ,  (228) 


where 


-2/3 


(z  )  A(z  )  dz 


(229) 


By  direct  calculation  one  finds  P  «  0.496,  so  that  the 

effective  mean  free  path  for  ionization  is  roughly  twice 

the  value  in  the  plane  of  the  galaxy.  If  now  we  calculate 

1  3  1 

H  from  (224)  with  ^  (0 )  =  0.800  x  10  pc’  ,  7  =  10  km/sec, 

and  y  calculated  from  y  =»  2b p  y  with  b  =  4.09  x  10^  cm^sec- 
®  25  “ 

gm  and  p  =  10~  gm/cnr,  we  get  p-  =  6.7y.  The  value  of 

o 

the  recombination  coefficient  y  is  likely  to  be  in  the 
neighborhood  of  j,  giving  a  value  of  p-  of  about  2.  Consider¬ 
ing  the  uncertainty  in  this  and  other  parameters,  perhaps 
the  final  estimate  for  p.  should  be  written  as 

ix  -  2.0  x  10*1 
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For  the  most  likely  value  p.  =  2  we  have  for  the  fraction  of 
the  hydrogen  In  the  spiral  arms  which  Is  in  molecular  form: 

>  =  1/2  . 

o 

The  values  of  SF  S  corresponding  to  p,  =  0.2  and  p.  =  20 
'o' 

are  0.091  and  0.909  respectively. 

We  see  that  one  can  expect  a  molecular  abundance 
comparable  to  the  atomic  concentration  and  that  the  mole¬ 
cular  hydrogen  should  have  approximately  the  same  z-distri- 
bution  as  the  atomic  hydrogen.  An  estimate  of  the  deviation 
of  the  molecular  distribution  m(z)  from  the  atomic  distri¬ 
bution  a(z)  will  be  made  in  part  (b)  of  this  section. 

(b )  Distribution  in  z  -  Here  we  shall  perform  a 
more  accurate  calculation  or  the  fraction  <F>  of  the 
hydrogen  which  is  in  molecular  form  and  shall  also  calculate 
the  expected  distribution  in  z  of  the  molecular  hydrogen. 

We  shall  see  that  the  molecular  hydrogen  should  be  distri¬ 
buted  in  almost  the  same  manner  as  the  atomic  hydrogen  as 
assumed  in  the  elementary  approach  to  the  problem  in  part 
(a)  of  this  section.  The  total  variation  in  z  of  ('F'*  amounts 
to  only  about  2 while  the  correction  to  the  absolute 
fraction  is  about  4($.  The  analysis  in  this  section  leading 
to  these  figures  is  quite  lengthy  and  may  be  skipped  by  the 
reader  interested  only  in  the  results. 
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The  basic  equation  for  <'P(z)^>  can  be  derived  from  the 
following  considerations.  In  dz  let  there  be  NQ(z)dz 
hydrogen  nuclei  and  (F(z)>  ^S^fJdz  molecules.  The  molecules 

are  in  dz  because  at  some  time  (or  linear  distance)  in  the 
past  a  number  of  clouds  containing  NQ  (z')dz' hydrogen  nuclei 
started  out  at  a  number  of  height  intervals  dz'  and  diffused 
along  some  path  of  length  s  to  z.  For  clouds  diffusing 
along  such  a  path  the  probability  that  they  were  last 
ionized  at  a  linear  distance  (backward  in  time)  between  s 

_1  rS  1 

and  s  +  ds  is  A“  (s )  exp(-  J  AT  (s')ds’).  In  travelling 
1  0  1 

a  distance  s  a  fraction  F(s)  =  1  -  e”  of  the  hydrogen  in 
the  cloud  will  have  become  molecular,  with  k  =  7g/v  »  7^/2 yj 
We  denote  by  W(z';z,s)dz  the  probability  that  a  cloud 
starting  out  at  z'will  be  within  dz  after  travelling  a  total 
distance  s  (note  that  going  backward  along  the  path  a 
distance  s  one  arrives  at  z'  so  that  A^s)  «  A^z')).  Our 
basic  equation  is  then 

Nq(z)  rm  (~  _i 

<F(z)> — - — dz  =  /  ds  /  dz  a7  (z' ) 

•xP(-  £  A"  (s  )ds)  Nq(z'  )  W(z';z,s)dz'  ,  (2J0) 


or  more  a imply: 


^(z))  -  ,/ds  y"dz'  A~  (z-)  e-T(8'Z'2)F(s)W(z-;z,s), 


(251) 
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in  which  the  factor  N0(z')/N0(z)  has  been  incorporated  into 
W(z';z,s)  to  give  W(z’ ;z,s )  and  we  have  defined 


t(s,z<  ,z) 


(232) 


The  basic  equation  (231 )  should  now  be  compared  with 
(223)  which  corresponds  to  the  case  where  the  diffusion  rate 
is  so  large  that  the  cloud  meanders  thru  all  z-values  which 
are  weighted  according  to  A(z').  The  probability  function 
¥(  z';z,s)  is  extremely  difficult  to  determine  accurately 
since  one  must  solve  a  diffusion  problem  in  which  the  medium 
is  not  of  uniform  density  and  in  which  there  is  a  gravitational 
field.  However,  we  do  know  the  limiting  forms  of  W(z'  ;z,a  ). 

For  as  the  diffusion  rate  becomes  very  large,  W  — ►  A(z'), 
and  as  it  becomes  very  small  (local  phenomenon), 

V  — >  6(z'  -  z).  Now,  one  can  easily  solve  the  diffusion 
problem  when  the  medium  is  uniform  and  there  is  no  gravita¬ 
tional  field.  W  is  then  the  solution  to  the  equation 
(t  =  s/v) 


aw 

w 


a2w 

dz’2 


where  the  diffusion  constant  D  is 


(233) 


D  "  j  V  » 

and  the  initial  condition  for  (233)  is 


(234) 


W(z' jz,t ) 


t  -*  0 


<5(z'-  z). 


(235) 
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the  normalization  being 

/  W(z';z,t)dz'  =  1  (all  t)  .  (256) 

The  solution  to  (223)  is  well  known  to  be  (see  also 
Appendix  D) 

W(z 1 j z,t )  =  -  z)  ADt  >  (237 ) 

(47rDt  )i/c; 

or  in  terms  of  s : 

2 

w(z';z,s)  "  e"(z'  "  z)  /r  3  ,  (238) 

where 

rs  •  (239) 

We  shall  take  for  fT: 

2 

?(z';z,s)  -  ^  -  A(z')e"^z'  ~  z)  /J  3  f  (240) 

where 

-  r  W(z';z,s)dz'  (24l ) 

is  the  normalization  factor.  The  ansatz  (240)  is  certainly 
reasonable  since,  for  example,  the  two  limiting  cases 
resulting  from,  say,  J— *  0,  ao  are  contained.  We  take 
for  f  the  value  corresponding  to  the  harmonic  mean  of  Xc(z). 
Since  *c(z)«c  a-1(z),  we  have  -  g  ^(O),  with 
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g  = 


/ 


a  (z)dz 


(242) 


J  a (z  )dz 

Using  Schmidt's  a(z)  one  obtains  g  =  0.6237  .  Moreover., 

we  take  the  model  In  which  the  clouds  all  have  the  same 

radius  r  =  5  pc  and  In  which  the  clouds  fill  a  fraction 
c 

f  =  0.1  of  the  interstellar  space.  Then 
c 


_  l6r 

>  =  'gj'f  g'  ~  11+0  pc 


(243) 


The  calculation  of  -r(s,z,z)  is  a  much  more  difficult 


problem,  t  is  given  by 

-s 


t(s,z',z)  =  f ds'  f  dz"  AT  (z")  w(z",s '/  z',z,s) 

O  —  6G  X 


(244) 


where  w  is  the  probability  of  being  within  dz"  after 
diffusing  a  distance  s  -  s',  given  that  the  cloud  started 
at  z'  at  s'  =  s  and  ended  up  (s'  »  0)  at  z,  We  employ  the 
results  of  Appendix  D  and  equations  DIO  with  t'  »  (s-s')/v 
and  t  -  t'  »  s'/v  and  make  a  second  ansatz: 


w(z",s'  |  z',z,s)  =  A(z")  e'^z  "Z 

2  2 

.-(*"-*)/«  . 


(245) 


Here  the  normalization  is 


N(w )  =  f  dz"w(z",s'|  z',z,s)  , 


(246 ) 


and  we  have  defined 
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a'2  =  ^(s  -  s'),  a2  =  fa1  .  (247) 

We  see  that  w  has  the  correct  limiting  properties  and  that 
w  — >5  (z"  -  z '  )  as  s'  — ?  0. 

In  the  calculation  of  t  It  Is  convenient  to  approximate 
the  distribution  A(z)  by  a  gaussian: 

2  a  2 

A(z )  =  - i —  e"  '  8  (248) 

This  Is  actually  quite  a  good  approximation  (see  Fig.  39), 

_1,  . 

especially  for  small  z  where  X.  (z )  Is  peaked.  We  take  h 

J.  © 

as  the  parameter  which  gives  the  same  half  width  as  Schmidt ' s 

distribution.  It  might  be  remarked  here  that  one  should 

really  be  taking  the  distribution  function  for  the  total  gas 

density  instead  of  the  atomic  distribution.  However,  as  we 

shall  see,  the  molecular  distribution  m(z)  is  very  close  to 

the  atomic  distribution  a(z)  so  that  A(z)  can  also  represent 

the  total  distribution  well.  We  are,  of  course,  now 

attempting  to  find  the  deviation  of  m(z)  from  a(z).  With 

the  approximation  (248)  we  have,  since  ^'^(z)^  ♦(z)* 

2/3 

A"  (z)  (see  eq.  227), 

2  2 

A"1^)  -  A^1  ( 0 )  e”Z  ^hi  ,  (249) 

where 

1/h2  =  1/h2  -  2/3h2  .  (250) 
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With  the  help  of  these  relations  one  easily  calculates 


where 


and 


g 

2 

Sg  ‘hs 


with 


2 

F* 


_2 


and 


Jgi 

Thus,  we  have  for  t: 
t(s,z',z)  - 

with 


tg/rg  e-z'2/a'2  Jm2 

(251) 

.2  _2  _2 

+  a'  +  a  , 

(252) 

2  2 
=  z'/a'  +  z/a 

(253) 

integration  in  (244 )  we  then  obtain 

=  ^(0)  -M  e^l/j6i 

2  ,  2 

eV*g  , 

(254) 

,2  2  2 
h^  +  a'  +  a 

_2  .2 

a'  +  a 

(255) 

2  2 
z»/a’  +  z/o 

(256) 

(0)  J  Q(a' ,z* ,z,b)  ds' 

,  (257) 

\  ur  ,  \  -E(s',z',z,s) 

)  -  H(s',s)  e 

,  (258) 

H  and  E  being  given  by 


158. 


H  = 


and 


Jfci  _  1/ns 


l/h  +  1/f  (s  -  s*  )  +  l/f  s* 


Tg  l/hgi  +  1/f  (s  , -  3  -  )  +  l/f  S  - 

2  2  2.2 
E  ■  Vs,  •  ' 


(259) 


z  * 


2 


f  (®  -  s')  f  s' 


J  L  l/h  +  1/  f  (s  -  8')  +  1/f  8' 


l/h 


gi 


- 1 - 1 

+  1/  (s  -  s'  )  +  1/f  S'  J 


(260) 


Now,  for  most  of  the  range  of  integration  over  s',Hss  h  /h 

2  2  4  2  2  Si  8 

and  E  ~  (h  /  f  s '  )  h  ^  h  /  f  ?i,  « 1  (since  z ,  z  '  ~  h  ~  h 

8  8  g  1  g  gl 

and  s'  ~  *  ).  However,  as  s'  — *  0 
i 

...  T-'*'2 

h: 

o 


f(1 '  iP" *  +  (261) 

^  O  1 


where 


_4  4  4 

H  =  h"  -  h~ 
o  gl  g 


(262) 


For  typical  values  of  z,z}s'  the  largest  of  the  correction 
terms  (ist  order  of  s')  to  E  is  the  first.  Hence,  for  small 
s' 

thTs' 

for  typical  z.  (265) 


z2  t  h^s ' 

e  — »  -5-  a  -  ^  1 


(1  -  Jf  ■  ) 

Similarly,  at  the  other  endpoint  s' 


E 


Ihi(s-s') 

2  (1  -  - 5 - ) 

hi  H„ 


(264) 


The  graph  of  E  vs.  s'  is  then  of  the  form  shown  in  Fig.  40 


below. 


k  2 

(a  -  H0/?hi  s) 


One  is  thus  led  to  make  the  following  approximation: 

t(s,z,z)  -  tq(s,z)  +  tq(s,z'  )  ,  (265) 


where 


tq(s,z)  =  \ 


+  £  jds'H(s', 


s )  e 


4  ,  2 


_E(s' ,s,z ) 


(266) 


In  the  separate  intervals  we  take  (a  = 
0  <  s'  <  a  :  H  =  1  - 

2hf 
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a  <  s'<  5- 


(7 


2  2 

h__ j  h  l"i  • 

H  =  -fii  (1  +  _J _ §1 

hg  2f  '3  -  s 


E  =  0. 


r  +  F 


■))  (267) 


Evaluating  the  integrals  we  get  (a  «  s ) 

2  2 


V8’2)  -  sfe-  -  %T  +  <lnf  -  +  ^(Ojoftz)  , 

1  1  d  J  \ 


where 


1  /  . 
xi  =  xi(°)  h* 


gi 


(268) 

(269) 


and  the  function  f(z)  is 

f(«) 


_2  /  2 
1  -  e-Z  /hi 


2z2/h^ 


4  _z/h± 

H  ,  1  -  e 

if- 


—)  • 
(270) 


As  z  — *  0 


4  4  i  .  ,  2 4  _  4 ,  -  4 


f(z)  -*>  1  -  Ho/4h1  -  |(z/h±)  (1  -  Ho/6h1 )  +  %(z/h± ) 


4  4 

(1  -  H  /8h, ). 
0  1 


(271) 


Now,  in  (268)  all  terras  except  the  first  represent  correction 

terms  (c . )  and  we  should  perhaps  take  the  first  terra  to  be 
1  1 

H s/2  with  (0)  SQ  where  /Q  (eq.  228)  is  calculated 

with  Schmidt's  specific  A(z)  (not  the  gaussian  approximation). 
Hence  we  have 

t  -  /fs  +  ]TC  (272) 

2  1 


l6l. 


and 


-  *  s 


n  a  -  =!> 


e‘"“S(l  -  It.)  .  (273 ) 

i  -1 


T 

The  function  e~  is  to  be  substituted  into  (231 )  to  be 
integrated  over  z  and  s.  Since  the  weighting  factor  in  the 
integration  over  z  is  peaked  at  z  =  0,  the  expansion  (271 ) 
which  comes  into  'rQ(s,z'  )  may  be  used  with  terms  up  to  z  . 
Making  the  substitution 


f*(z) 


4  4 

1  -  Ho/2h±  -  f(z) 
1  -  H^/4hJ 


(274) 


we  get 

1  - <a  -ff +  % y. 

-  A-1  (0)  o  (2  -  H^/2hJ  -  |.(z/h1)2(l  -  if /6hJ ) ) 

-  T'j1  (0)  o  (1  -  f’(z)  ,  (275) 


the  last  term  giving  the  z  dependence. 

Let  us  now  return  to  W  (eq.  240).  Here  one  can  expand 
the  exponential  and  get,  after  evaluating  N(ff): 

}  ~2 

?  =  A(z '  )  (l  -  z~T-~  )  ,  (276) 

where  we  have  dropped  a  linear  term  in  z'  since  it  will  give 
nothing  when  integrated  over  z’  in  (231).  Substituting  the 
expressions  for  t  and  W  into  (231 )  and  evaluating  the 
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Integrals  over  z'  by  making  a  gaussian  approximation  to  A(z) 
in  calculating  the  correction  terms,  we  get  for  <’F(z)'>  : 


<F(z)>  =  (<Fq>  +  C)(l  +  Af*  (z  ) ) 

{211) 

where 

<17  ■  i-nr  -  inV 

(278) 

is  the  zero  order  term. 

1  4  4 

A  =  <T*-  (0)  (1  -  H0/4h± ) 

(279) 

gives  the  magnitude  of  the  z-variation,  and  C  is  the  correction 

term  to  the  absolute  fraction  <F  \  .  C  is  given  by 

o 

i  r°° 

C  -  x;  (0)  J  e-*8(l  -  e-k8)(Zc.)ds  -  J 

1  0  i  1  fccorr.. 


(280) 


with 


£ C±  -  a/s  -  p  ■  y  In  J  j 

°  ■  2T(hg '  hgi/hs)  +  (hg  '  hgi)  > 


.4  ...  4 


4.4 


0  -  A"  (0)  a (2  -  Ho/2h±  -  (l  .  H0/6h± ) )  -  2a/x’; 


4  Vi 


2  2 

h  -  h  . 

g  s1 


nl 


(281) 


Evaluating  the  integrals  in  (280)  we  get  (  H.  *  (0)) 


163. 


C 


z 


corr. 


_1 

(0)  In 


k  +  * 
* 


k 

k  +  tt 


- ,,  ^(Q)  -  muz.) .  (282) 

1  v  ,*  +  k  « 

Inserting  the  numerical  values  a/?^(0)  =  0.0376,  0  =  0.0122, 
7  =  O.O363,  and  J  =  O.496  we  find  for  the  most  likely  case 
*  -  k  (n  =  2): 

<F  >  -  0.50 

o' 

C  =  -0.21, 

while  A  is  calculated  to  be  (independent  of  k,  ) 


A  =  0.0245 

We  see  that  the  correction  to  the  absolute  fraction  F  is 
sizeable  (-*40}£)  but  that  the  term  1  +  Af*(z)  giving  the 
z-dependence  of  <F)  is  fairly  constant  (total  variation  ~  2#). 
The  relative  deviation  from  the  value  of  < at  z  *  0  is 
given  by 


<F(z)>  -  <F(0)> 

<F(0)> 


Af  (z) 


(283) 


where  the  function  f  (z)  defined  in  (270 )  varies  between  0 
and  1.  It  is  graphed  below. 

(c  )  Critique  -  Assuming  that  the  basic  microscopic 
physical  processes  have  been  treated  correctly,  the  greatest 
uncertainty  involved  in  the  calculations  Just  described  lies 
in  the  validity  of  the  model  chosen  for  the  interstellar  gas. 
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Graph  of  f*(z ) 


The  cloud  model  has  been  widely  used  but  has  also  received 
some  criticism.  It  has  been  adopted  In  this  work  in  order 
to  treat  the  problem  at  hand  analytically.  Essentially,  we 
have  assumed  that  all  the  clouds  have  the  same  density  and 
mass,  since  we  have  used  a  unique  grain  density  p  and  a 
unique  characteristic  velocity  rj  .  It  is  known,  however, 
that  there  is  a  range  of  cloud  densities  and  masses,  although 
the  data  is  not  sufficiently  accurate  to  warrant  a  detailed 
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treatment  which  takes  into  account  this  fine  structure  in 
the  model. 

In  considering  the  random  motions  of  the  clouds  it  has 
been  assumed  that  the  clouds  retain  their  identity  in  making 
a  number  of  collisions  with  other  clouds.  It  may  well  be 
that  the  clouds  are  disrupted  in  cloud-cloud  collisions; 
on  the  other  hand,  some  clouds  might  join  together  in  a 
collision.  However,  as  long  as  the  clouds  are  not  disrupted 
completely,  the  results  obtained  will  probably  be  valid. 

For  example,  if  on  collision  a  cloud  breaks  up  into  two 
smaller  clouds,  these  clouds  will  undergo  Brownian  motion 
themselves  and  the  general  random  motion  of  the  gas  will 
still  be  treated  correctly.  Actually,  as  Munch  and  Zirin 
have  noted,  there  does  seem  to  be  some  mechanism  which 
prevents  the  disruption  of  the  clouds.  Perhaps  the  clouds 
have  an  internal  magnetic  field  which  confines  the  ions  and 
neutral  particles  (by  means  of  their  interaction  with  the 
ions)  to  a  certain  volume.  Alternatively,  the  clouds  might 
be  in  pressure  equilibrium  with  a  hot,  less  dense  inter¬ 
cloud  medium  and  galactic  halo.  We  have  essentially  taken 
the  former  view,  since  we  have  assumed  that  in  the  process 
of  molecule  formation  in  a  cloud  the  total  density  n^-n-^  + 

2n2 )  remains  constant.  This  leads  to  the  result  F(s)  *■ 
les 

1  -  e~  for  the  fraction  in  molecular  form  as  a  function  of 
s,  the  distance  travelled  since  the  last  ionization.  If  the 
clouds  are  in  pressure  equilibrium,  then  it  is  more  reasonable 
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to  take  +  n2  =  constant  during  the  gradual  molecule 
formation.  One  can  easily  show  that  this  leads  to  the 
following  result  for  the  fraction  in  molecular  form  as  a 
function  of  s: 


F'  (s  ) 


-rks/2.1  ' 

7^  • 


(284) 


The  mean  fraction  (averaged  over  clouds)  then  becomes  (see 
eq.  223) 

f°°  *s 

<F,’>  =  J  *  e"  F'(s)ds 

0 

,\ 

“  2*  J  x  LzJ.  dx  .  <'F'(n)>  ,  (285) 

2  -  x 

where  v  =  2x/k  =  4 /p.  The  fraction  <F'(p)>  computed  from 
(285)  is  shown  below  in  Fig.  42.  The  function  <F(m.)>  = 
p/(|j.  +  2)  is  also  shown  and  we  see  that  there  is  little 
difference  in  the  two  functions.  It  is  quite  remarkable 
that,  given  the  value  of  the  dimensionless  parameter  p,  one 
calculates  very  nearly  the  same  value  for  the  fraction  in 
molecular  form  by  making  different  basic  assumptions. 

Finally,  it  should  be  remembered  that  we  have  taken  the 
rate  constant  for  formation  on  grains  to  remain  constant 
during  the  conversion  to  molecular  form.  This  assumes 
either  of  the  following  is  true:  (l )  the  characteristic  time 
for  grain  formation  is  much  longer  than  the  molecular 
conversion  time,  or  (2)  the  characteristic  time  for  grain 
formation  is  much  shorter  than  the  molecular  conversion  time. 


16?. 


Pig.  42 


Fraction  In  molecular  form  as  a  function  of  p.. 

The  case  (2 )  would  correspond  to  the  situation  where  the 
grains  are  formed  rapidly  after  being  destroyed  in  cloud- 
cloud  collisions  or  in  close  passages  near  bright  stars. 

The  observed  grain  density  would  then  be  interpreted  either 
as  the  saturation  value  or  as  a  steady  state  value *  the 
steady  state  being  established  in  a  time  short  compared  with 
the  time  for  molecular  formation. 

(d)  Molecule/atom  ratio  between  the  spiral  arms  - 
One  might  ask  about  the  molecular  concentration  between  the 
spiral  arms  of  the  galaxy  where  no  atomic  hydrogen  is 
observed.  We  have  essentially  assumed  an  infinite  plane  of 
gas  in  considering  the  diffusion  of  clouds.  Actually,  the 
clouds  are  likely  to  diffuse  ~  ^  kpc  in  the  plane  of  the 
spiral  arms  between  ionizations  and  the  absence  of  bright 
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stars  between  the  arms  leads  one  to  expect  a  smaller 
ionization  rate  there  and  a  corresponding  molecule/atom 
ratio  that  is  higher  than  in  the  spiral  arms.  There  may  be 
such  an  effect  although  it  is  likely  to  be  relatively  small 
in  magnitude  and  of  minor  importance.  For  spiral  galaxies 
one  generally  observes  an  absence  of  dust  between  the  arms 
so  that  a  high  gas  (atomic  or  molecular)  abundance  would  be 
unlikely  since  the  gas  tends  to  "drag  along”  the  dust  (and 
vice-versa).  Moreover,  since  we  do  not  observe  star 
formation  between  the  spiral  arms,  a  high  gas  abundance  would 
be  difficult  to  reconcile.  It  may  be  that  the  gas  is  con¬ 
fined  to  the  discrete  spiral  arms  by  either  magnetic  fields 
or  gravitational  forces  or  both.  In  summary,  while  the 
molecule/atom  ratio  may  vary  by,  say,  half  an  order  of 
magnitude  in  going  from  a  spiral  arm  to  the  lnterarm  region, 
the  absolute  molecular  concentration  between  the  spiral  arms 
is  likely  to  be  small. 

5.  Dynamical  astronomy's  unobserved  mass 

About  thirty  years  ago  Oort  made  a  study  of  the 
motions  of  stars  perpendicular  to  the  galactic  plane.  From 
the  statistics  of  these  motions  in  the  z-direction  he  was 

able  to  determine  the  mass  density  in  the  galactic  plane. 

10 

This  problem  has  been  reinvestigated  recently  by  Oort, 

9 

Hill,  and  others  with  the  result  that  the  density  determined 
in  this  manner  is  greater  than  previously  thought.  Of  the 
resulting  mass  density  for  the  solar  neighborhood  about  half 
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can  be  accounted  for  by  the  observed  density  of  stars  and 

gas.  Oort  has  attributed  the  remaining  '’unobserved"  mass 

to  faint  dwarf  stars  with  M  >  +15.  We  shall  try  to  see  in 

this  section  whether  one  can  account  for  this  mass  by 

assuming  that  it  is  due  to  molecular  hydrogen. 

The  stellar  motion  studies  essentially  determine  K_, 

z 

the  acceleration  in  the  z-direction.  The  total  mass  density 
is  determined  by  Poisson's  equation  which  becomes,  in 
cylindrical  coordinates  with  no  ©  dependence, 

K  dK„ 

'5F~  +  ‘F~+  35“  =  -^Gp(r»z)  •  (286) 

By  making  use  of  Schmidt's  model  for  the  galaxy  Oort  has 

calculated  the  first  two  terms  in  (286)  for  the  r-value 

corresponding  to  the  sun.  Oort  also  gives  K  as  a  function 

z 

of  z  from  his  stellar  dynamics  studies.  To  calculate  dK_/d 

z  z 

(and  p(z))  it  is  convenient  to  express  Oort's  K  as  a 
polynomial  in  z: 

2 

-  K  =  k  / z /  -  k_  / z |  .  (287) 

Z  1  2 

By  applying  a  least  squares  fit  to  Oort's  data  on  K  out  to 

50  2  2 

z  =  500  pc  one  finds  k  -  8.90  x  10  sec"  ,  k2  »  1.014  x 

.52  2  1 

10  see-  pc  .  We  then  have 
dKz 

+  2kg  I  z  I  ,  (288) 

which  when  substituted  into  (286)  allows  one  to  compute  p(z) 
and  the  unobserved  mass  density  p(z)  -  Pobs(z)*  The  results 
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are  shown  in  Pig.  43.  As  seen  from  Pig.  43  the  half  width 


Fig.  43 

Unobserved  mass  as  a  function  of  z. 

of  the  distribution  of  unobserved  mass  is  about  200  pc  which 
is  appreciably  larger  than  the  half  width  of  the  observed 
distribution  of  atomic  hydrogen.  Since  we  expect  the  mole¬ 
cular  hydrogen  to  have  essentially  the  same  distribution  as 
the  atomic  hydrogen,  the  results  for  the  unobserved  mass 
would  seem  to  rule  out  H2  as  the  major  contributor.  However, 

K  was  determined  from  the  distribution  of  K  giants  which 
z 

have  a  much  larger  spread  in  z  than  the  interstellar  gas. 

One  would  not  be  able  to  tell  from  the  motion  of  a  star  at 
high  z  what  the  distribution  of  mass  was  at  low  z,  for  while 
this  mass  determines  the  acceleration  of  the  star  the  same 
mass  spread  out  over  larger  z-values  would  give  almost  the 
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same  acceleration.  For  this  reason  the  significance  of  the 
distribution  exhibited  in  Fig.  4  3  should  be  weighed  with 
care . 

4 .  The  gravitational  scale  height  of  the  galactic  gas 
Assuming  equipartition  one  can  predict  the 
characteristic  height  of  the  gas  above  the  plane  of  the 
galaxy  from  a  knowledge  of  the  gravitational  potential  V(z) 
and  the  velocity  distribution  f(v)  of  the  interstellar 
clouds.  Conversely,  given  the  z-distribution  nQ(z)  of  the 
gas  and  f(v)  one  can  calculate  the  gravitational  potential 
function.  The  distribution  of  mass  should  be  related  to 
the  potential  function  by  an  equation  of  the  form 

n  (z)  -  ,  (289) 

c 

where  we  have  denoted  the  mass  of  the  cloud  by  m  and  intro¬ 
duced  a  "temperature”  for  the  cloud  motions.  The  distribu¬ 
tion  nQ(z)  is  normalized  so  that  nQ(0)  =  1  (also  V(0)  =  0). 
We  assume  equipartition  in  order  to  relate  T  to  the  mean 
squared  velocity  by  means  of  the  relationship  ^cT  -  ^mv2, 
which  allows  one  to  rewrite  (289)  as 

„0(z).e-^<2^.e-V(O/^  , 

or  equivalently: 

V(z)/v2  -  -  In  nQ(z) 


(291) 
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The  total  mass  distribution  n  (z  )  may  be  found  from  Schmidt's 

o 

distribution  a(z)  of  atomic  hydrogen  and  the  results  derived 
in  section  B2b  of  this  chapter  for  the  molecular  distribution. 
The  fraction  of  the  hydrogen  which  is  in  molecular  form  was 
shown  to  have  a  slight  z -dependence  given  by 

<F(z)>  =  <F(0)>  (l  +  Af  *  (z  ) ) ,  (292) 


The  total  density  nQ  is  related  to  the  atomic  density  n^  by 

_1 

nQ/n1  =  (2ng  +  n1  )/n1  -  (l  -  )  (293) 

Because  of  the  smallness  (A  «  1 )  of  the  deviation  of  the 
molecular  distribution  (and  total  distribution)  from  the 
atomic  distribution  we  have,  approximately. 


n0(z) 

a(z) 


1  + 

1  -<f(o)> 


Af*(z) 


(294) 


and 


-  *  In  n  (z)  as  -  lna(z)  -  — Af* (z ) 

vf  0  1  -  <P(0)> 

(295) 

The  second  term  on  the  right  of  (295)  is  actually  quite  small 
compared  with  In  a(z)  and  we  have  to  a  very  good  approximation: 

V(z)/v|  a  -  in  a(z)  .  (296) 

This  last  relation  readily  allows  the  computation  of  the 

p 

gravitational  potential  in  units  of  v_  and  hence  the  shape 

z 
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of  the  potential  function.  This  potential  is  to  be  compared 
with  Oort's  function  calculated  from  the  statistics  of  star 
densities .  For  the  values  of  z  that  we  shall  be  concerned 
with,  Oort's  potential  function  can  be  well  represented  by 
(see  previous  section) 

Vg  (z )  =  i-  Ic-l  I  z  | 2  -  ±k2\z\3  ,  (297) 

where  the  subscript  s  has  been  added  to  denote  the  fact  that 

this  function  is  derived  from  observations  of  stars .  As 

shown  in  Appendix  B,  v  =  v  /3  =  2to  ,  so  that  we  have 

z 

vs  (*  )h\  =  Vg(z)/2^2  .  (298) 

The  two  potential  functions,  one  computed  from  the  distri¬ 
bution  of  the  gas  and  the  other  from  the  stars,  are  shown 
in  Fig.  44. 

We  see  from  Fig.  44  that  the  potential  distribution 

required  to  produce  the  observed  gas  distribution  is  much 

steeper  for  small  z  than  Oort's  potential  function  as 

determined  from  stellar  motions.  It  is  tempting  to  interpret 

this  steep  potential  well  of  -In  a(z)  as  a  result  of  the 

13 

large  self -gravitation  of  the  gas  as  Gold  had  done.  The 
potential  due  to  the  self-gravitation  of  the  observed  atomic 
hydrogen  cannot  account  for  the  deep  well.  We  can  easily 
calculate  the  required  mass  density  at  z=0  needed  to  produce 
the  steep  potential  function  of  -  In  a(z),  since  for  small 
z  the  gaussian  distribution 


174. 


Pig.  44 

Potential  functions  (in  units  of  the  mean  squared 
velocity  of  the  clouds  in  the  z-direction)  as 
determined  by  the  observed  distributions  of  gas 
and  stars. 

2  .  2 

,  %  _z  /he, 

a(z)  =  e  6  (299) 


is  a  very  good  approximation.  Then  for  small  z 


V(z ) 


„2  z£ 


lg 


f 


and  Poisson's  eq.  (293)  becomes 


(300) 


175. 


-47rf}  p(r,z) 


(501) 


At  z  =  0  the  first  two  terms  on  the  left  of  (501  )  can  be 

evaluated  from  the  constants  of  galactic  rotation  to  be 

,  50  2  20 
0.60  x  10"  sec"  .  Substituting  h  =  4.08  x  10  cm  and 

-o  2  .  6  ,  .  .  .24 

=  2  yj  with  ^  =  7-5  km/sec  we  get  p( 0)  =  15.4  x  10 

gm/cm^;  higher  values  of  rj  would  give  even  larger  densities. 

Unfortunately,  the  characteristic  velocity  is  poorly  known, 

various  authors  have  suggested  values  ranging  from  5  km/sec 

to  12  km/sec  (for  example,  the  21  cm  investigations  gave 

rj  =  8.5  km/sec).  Observable  stars  and  gas  amount  to  about 
24  5 

5  x  10"  gm/cm  so  that  in  this  analysis  the  majority  of 

the  mass  density  appears  to  be  unaccounted  for. 

One  can  calculate  the  total  mass  density  at  various 

values  of  z  in  this  manner.  The  result  obtained  is  shown 

schematically  in  Fig.  45a.  For  comparison  the  mass  density 

required  to  explain  the  observed  stellar  distribution  is 

shown  in  Fig.  45b.  The  density  needed  to  produce  the  observed 

distribution  of  gas  is  roughly  constant  and  confined  to 

within  about  110  pc  (=  z  )  of  the  galactic  plane;  beyond  z 

©  © 

the  density  needed  is  essentially  zero.  This  results  because 

the  distribution  a(z)  is  essentially  gaussian  for  z  <  z  and 

© 

exponential  for  z  >  z  .  The  characteristic  height  of  110  pc 

o 

is  Just  the  half  width  of  the  observed  distribution  of  atomic 
hydrogen  (and  presumably  of  molecular  hydrogen)  so  that  this 
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p(z.)- producing  Vg(z  )  ,  p(z)  producing  Vs  (z  )  , 

result  would  suggest  that  the  unobserved  mass  is  molecular 
hydrogen. 

As  mentioned  earlier,  because  of  the  large  characteristic 

z-values  of  K  giants  ( /z )  cz  300  pc)  whose  distribution  gave 

the  result  In  Pig.  45b,  the  statistics  on  the  distribution 

of  stars  may  not  be  good  enough  to  resolve  the  width  of  a 

distribution  as  shown  in  Pig.  45a.  The  stellar  motion 

studies  would  then  essentially  give  l  P( z' )dz'  ,  a  measure 

of  the  total  amount  of  mass  within  z.  For  the  distribution 

p  (z),  J  p  (z 1  )dz '  at  1.7  x  10"  gm-pc/cm  .  The  dis- 
g  ®  S 

tribution  p  (z )  integrated  from  0  to  250  pc  gives  about  the 
s 

same  "total  mass",  while  p_(z)  integrated  from  0  to  400  pc 

21  3 
gives  about  2.0  x  10"  gm-pc/cm  . 
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This  analysis  has  implicitly  assumed  that  the  galactic 
gas  is  isothermal  and  composed  of  clouds  of  identical  mass. 
Both  of  these  assumptions  are  oh jectionahL e  (for  example, 
that  the  cloud  velocity  distribution  is  non-maxwellian 
might  indicate  a  distribution  of  cloud  masses).  However,  if 
the  interstellar  gas  is  viewed  as  a  highly  turbulent  medium 
instead  of  as  a  "particle"  gas  of  discrete  clouds,  a  baro¬ 
metric-type  relation  of  the  same  form  as  (296)  would  relate 
the  (mass)  density  and  gravitational  potential.  In  this 
case,  the  barometric  equation  results  from  considerations  of 
(turbulent )  pressure  equilibrium  (rather  than  thermal 

O 

equilibrium)  in  which  v^  is  now  interpreted  as  the  mean 
squared  systematic  turbulent  velocity  in  the  z-direction. 

The  correctness  of  the  shape  of  the  potential  (Pig.  44) 

p 

would  still  hinge  on  the  constancy  of  v  with  z,  however, 

z 

C.  Outlook  for  Future  Observations  of  Interstellar  Hg 

As  we  have  shown,  if  the  recombination  reaction  on  the 

surface  of  the  interstellar  grains  is  effective,  one  can 

expect  a  molecular  concentration  in  H  I  clouds  comparable  to 

the  atomic  value.  Such  a  large  amount  of  Hg  could  easily  be 

detected  by  the  satellite-borne  ultraviolet  spectroscope 

designed  by  the  group  at  the  Princeton  Observatory  and 

scheduled  for  operation  in  1966. 

A  number  of  people  have  considered  the  possibility  of 

observing  infrared  radiation  from  interstellar  Hg.  One  such 

experiment  which  has  a  good  chance  of  succeeding  is  described 
58 

in  a  paper^  by  M.  Harwlt  and  the  author.  The  essential  idea 


-SC.-..  » 
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is  the  following.  In  a  region  of  high  density  surrounding 
a  bright  star  an  appreciable  fraction  of  the  radiation  from 
the  central  star  which  is  absorbed  in  the  (electronic) 
resonance  lines  of  Hg  is  converted  into  near  infrared 
vibration-rotation  photons.  For  when  the  excited  (by 
resonance  line  absorption)  molecule  reverts  to  the  ground 
electronic  state,  it  can  end  up  in  excited  vibrational  levels. 
The  vibrationally  excited  molecule,  then  emits  a  series  of 
quadrupole  infrared  photons  as  it  cascades  to  the  ground 
state.  Certain  dense  regions,  e.g.  the  Orion  Nebula,  should 
then  emit  an  amount  of  infrared  radiation  in  the  form  of 
vibration-rotation  lines  which,  according  to  our  estimates, 
should  be  detectable.  The  radiation  would  be  emitted  from 
the  region  surrounding  the  star  where  the  resonance  line  is 
absorbed.  Even  for  a  rather  small  molecular  concentration 
this  region  would  correspond  to  a  thin  shell  outside  the 
Stromgren  sphere.  Attempts  to  observe  this  radiation  may  be 
made  within  the  next  year. 

A  very  interesting  suggestion  regarding  interstellar  Hg 

59 

has  been  made  recently  by  0.  H.  Herbig.  He  observed  that 
the  very  broad  interstellar  absorption  line  at  4430  8  almost 
coincides  in  wavelength  with  a  transition  between  two  excited 
triplet  states  of  H 2>  the  lower  of  which  is  metastable. 

Herbig  suggests  that  the  4430  8  line  may  correspond  to  an 
absorption  by  hydrogen  molecules  on  the  surface  of  the  inter¬ 
stellar  grains,  the  interactions  with  the  solid  accounting 
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for  both  the  broadening  and  shift  of  the  line.  The  problem 
with  this  identification  is  that  of  populating  the  excited 
triplet  state  so  that  the  molecule  can  absorb  at  4430  X, 

Herbig  has  been  unable  to  account  for  a  mechanism  which  will 
produce  enough  molecules  in  the  excited  triplet  state  to 
explain  the  strength  of  the  4430  line.  The  opinion  here  is 
that  while  the  problems  associated  with  identifying  this 
line  with  H2  seem  very  great,  attempts  to  explain  the  diffuse 
interstellar  lines  as  arising  from  atoms  or  molecules  bound 
to  the  interstellar  grains  may  turn  out  to  be  very  fruitful. 

D.  Star  Formation  -  Early  Stellar  Evolution 

There  is  a  good  deal  of  evidence  that  stars  form  out  of 
condensations  of  the  interstellar ’ gas  and  that  star  formation 
is  still  taking  place  in  the  spiral  arms  of  our  galaxy.  The 
qualitative  details  of  this  condensation  process  are  poorly 
understood,  however,  and  the  general  phenomenon  of  star 
formation  has  remained  one  of  the  biggest  unsolved  problems 
of  modern  astrophysics.  Two  principal  difficulties  are: 

(l )  how  do  the  dilute  gas  clouds  reach  the  stage  where  their 
gravitational  self  energy  allows  them  to  contract  against 
the  pressure  from  the  kinetic  energy  (temperature)  of  their 
constituent  atoms  and  molecules,  and  (2)  how  is  the  initial 
angular  momentum  of  the  gas  cloud  lost  as  the  cloud  contracts’ 
The  answers  to  both  of  these  questions  are  unknown  although 
there  have  been  many  suggestions.  Several  useful  surveys  of 
the  general  problem  may  be  found  in  the  collection  of  prize 
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essays  by  Burbidge  et  al. 

We  shall  consider  here  only  one  particular  phase  of 

star  formation,  a  phase  which  all  stars  are  very  likely  to 

go  thru,  however.  This  is  the  very  early  stage  of  stellar 

evolution  when  the  gas  is  still  dilute,  cool,  gravitationally 

stable  to  fragmentation,  and  composed  essentially  of  hydrogen 

molecules.  This  stage  corresponds  to  the  fairly  dense 

protostar  for  which  we  shall  assume  a  quasi-steady  state 

exists  in  which  the  gravitational  interactions  are  strong 

enough  to  establish  a  condition  whereby  the  virial  theorem 

is  applicable.  Moreover,  we  shall  assume  that  there  exists 

some  efficient  mechanism  for  the  protostar  to  get  rid  of  its 

angular  momentum  so  that  we  shall  not  have  to  worry  about 

rotation.  It  is  quite  certain  that  the  gas  is  indeed  in 

molecular  form  at  this  stage  since,  even  if  the  grain 

recombination  mechanism  should  fail,  at  the  high  densities 

involved  other  processes,  especially  associative  detachment, 

will  take  place  and  insure  complete  formation  of  molecular 

hydrogen  in  a  time  shorter  than  the  lifetime  of  this  stage 

of  evolution.  Hydrogen  molecules  play  a  major  role  in  the 

protostar  development  in  this  stage  because  they  are  very 

efficient  at  radiating  away  energy  by  de -excitation  of 

rotational  levels.  The  rate  of  radiation  turns  out  to  be 

E?/kT 

proportional  to  e  4  ,  where  Eg  is  the  excitation  energy 

of  the  J  =  2  rotational  level  and  T  is  the  gas  kinetic 
temperature.  This  strong  dependence  of  the  rate  of  radiation 
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on  temperature  tends  to  make  the  gas  isothermal.  With  the 
help  of  the  virial  theorem,  then,  we  can  Immediately  write 
down  the  expression  for  the  total  energy  of  the  gas  mass: 

t  =  — —  Jl  (302) 

3(7-1) 

where  7  is  the  ratio  of  specific  heats  for  the  gas  and  JT 
is  the  total  gravitational  potential  energy  of  the  protostar. 
For  a  protostar  of  uniform  density 

si  -  *  (503) 

where  M  is  its  mass,  and  R  its  radius.  For  other  mass 
distributions  the  numerical  factor  in  the  expression  for  /I 
will  be  different  but  the  dependence  on  M  and  R  will  be  the 
same.  From  (302)  and  (303)  we  get  a  relation  between  E 
and  R  and  so  a  relation  between  the  contraction  and  energy 
loss  rates.  We  neglect  the  variation  of  7  with  R  and  get 
for  the  rate  of  energy  loss  from  the  gas: 

1  =  T-%-  (304) 

R 

where 

T  =  «*  .  (,05) 

7-1  5 

We  see  immediately  that  if  the  gas  is  to  contract  (R  <  0) 
by  radiating  energy  ( £  <  0),  7  must  be  less  than  4/3. 

We  shall  be  concerned  with  protostars  of  temperatures 
such  that  AE/kT  «  1,  AE  being  the  excitation  energy  for 
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rotational  levels  of  Hg .  The  gound  state  (J  =  0)  Is  then 

the  most  heavily  populated.  Moreover,  ortho-para  conversions 

by  collisional  process  are  negligible  because  of  the  large 

activation  energy  Involved.  The  principal  excitation  is 

then  the  population  of  the  J  =  2  state  of  para-hydrogen  by 

48 

collisions  with  other  hydrogen  molecules.  As  Osterbrock 
has  emphasized,  the  J  =  2  state  is  more  likely  to  be  de- 
excited  to  J  =  1  and  then  to  J  =  0  (para  — *  ortho  — *  para) 
by  means  of  forbidden  dipole  radiation  instead  of  falling 
directly  to  the  ground  state  in  a  quadrupole  transition. 

The  population  of  the  J  =  2  state  may  be  found  from  the 
steady  state  equation  (we  neglect  effects  of  downward 
transitions  from  higher  J  states  because  of  their  high 
excitation  energy): 


\  =  n  n  vort  ,  -  n 

J=2  j-0  0-2  j-2  2 


(n  -  n  z  n  ) 

any  J  J=0 


(A_  +  n  vc_  .  ) 
'  P  2-—0  ' 


0, 

(?06) 


where  the  n's  represent  the  number  of  molecules  in  the  J 
level  per  cm^,  is  the  de-excitation  transition  probability 
(for  J  =  2  — *  J  =  l)  per  unit  time,  the  a's  are  the  cress 
sections  for  collisional  excitation  and  de-excitation,  and 
v  is  the  relative  velocity.  From  detailed  balance 

E2/kT 


VO 


2  -»  0 


™0  _  2  (s0/e2 )  « 


,  (307) 


lSj. 


g  and  g  being  the  degeneracies  of  the  J  =  0  and  J  =  2 
o  2 

states  respectively.  The  de-excitation  cross  section  , 


2  —  0 

4.0  x  IQ"1 


=  a  has  been  measured  indirectly  and  is  approximately 
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cm 


The  rate  constant  va 


,1/2 


is  then  v  a  , 
■0  d 


where  v  =  4(kT/7rMH  )  is  the  mean  relative  velocity  of  the 
■  n2 

hydrogen  molecules.  We  have  then  for  the  population'  of  the 
J  =  2  level  : 


"j-2  ‘  "  W 


-Eg/kT 


1  +  A2/nvad 


(308) 


Now,  for  the  densities  that  we  shall  be  concerned  with 
the  infrared  radiation  emitted  in  the  de-excitation  will  not 
be  absorbed  or  scattered  appreciably  by  the  grains  in  the 
protostar,  especially  if  the  grains  are  dielectric  as  is 
presently  thought.  Nor  will  the  radiation  be  absorbed  by 
hydrogen  molecules  or  by  molecules  other  than  hydrogen. 

The  small  probability  of  the  transition  prevents  its  self 
absorption,  especially  since  the  bulk  of  the  emitted 
radiation  involves  the  transition  J  =  2  — *  J  =  1  which  is 
not  a  resonance  transition.  Molecules  other  than  hydrogen 
cannot  absorb  the  line  since  even  if  they  happened  to  have 
strong  infrared  absorption  lines  at  the  right  wavelength  (a 
chance  coincidence),  the  Doppler  width  of  these  lines  would 
be  much  less  than  the  corresponding  width  of  the  lines 
emitted  by  so  that  most  of  the  emission  line  would 
escape  without  absorption.  That  the  infrared  opacity  of 


184. 


the  grains  is  low  is  certainly  true  for  the  more  massive 
protostars  for  which  the  mean  free  path  for  the  infrared 
radiation  is  much  less  than  the  protostar  radius  in  the 
stage  of  evolution  which  we  are  interested  in.  It  is  true 
with  less  certainty  for  masses  of  about  Ms  due  to  our  lack 
of  knowledge  of  the  infrared  absorption  properties  of  the. 
grains.  Because  of  this  low  opacity  to  the  radiation  the 
energy  loss  from  the  protostar  results  from  radiation  from 
the  whole  volume  of  the  protostar  instead  of  from  a  thin 
surface  layer  and  we  have 
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J=2  E2  A2 


M 


E2A2 


n 


M. 


H, 


J=2 
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(309) 


Substituting  the  expression  for  n  with  the  help  of  the 

«J 

virial  theorem  again  which  gives  the  relation 

kT  =  GMMu  /5R  (310) 

n2 

between  T  and  R,  we  have 

i  -  -  7  .  (311) 


5E  /GMMP 

2  n2 

(312) 

%/C1  +  qe)  » 

(313) 

M  E2A2  g2 

"ST  ’ 

(314) 

with 
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and 


%  =  Vnvoa 


A2MH,  1/2  3/2  7/2 

- £  (5/0)  Ml)  R  . 

30. 


(315) 


q  is  a  measure  of  the  deviation  from  thermodynamic 
e 

equilibrium  (TE)  in  the  rotational  levels. 


If  qg  <•<  1  (small  R),  TE  exists. 

If  q^  »  1  (large  R),  TE  doesn't  exist. 

It  turns  out  that  for  the  values  of  R  that  we  shall  be 
particularly  interested  in  TE  exists. 

The  rate  of  contraction  of  the  protostar  can  be 
calculated  by  combining  (304)  and  (311)  to  give 

k  *  -  JL  R2  e"  *  R  .  (316 ) 

Because  of  the  exponential  dependence  the  contraction  Is 
slow  at  large  R  which  corresponds  to  low  temperature. 
However,  the  factor  multiplying  the  exponential  in  (316 )  is 
so  large  that  for  R  ~  8  the  contraction  rate  approaches 
the  contraction  rate  that  the  protostar  would  have  if  its 
mass  elements  were  free  falling  from  infinite  R  towards  its 

center.  This  free  fall  or  collapse  rate  is  given  by 

. 1/2 

ftff  -  -  *  R  >  (317) 

where 

1/2 

f  -  (2QM)  .  (318) 
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Thus  the  protostar  contracts  slowly  at  first  but  increases 
its  rate  rapidly  as  it  contracts;  finally  at  a  critical 


radius  R  the  contraction  rate  approaches  the  upper  limit 
c 

given  by  the  free  fall  contraction  value  (see  Fig.  46). 


Fig.  46 

Velocity  of  collapse  as  a  function  of  R 

The  critical  radius  R  is  of  interest  and  has  been  cal- 

c 

culated  for  several  different  stellar  masses.  Using  od  = 

4.0  x  10-18  cm2,  A2  »  2  x  10“  sec-1,  y  -  5/?>  and  the 

other  physical  constants  which  are  better  known  one  finds 

the  critical  radii,  temperatures,  and  densities  given  in 

Table  4  for  stellar  masses  of  1,  3,  10,  and  30  M0  .  The 

calculated  critical  temperature  Tq  is  more  significant  than 

R  and  n  since  it  does  not  depend  strongly  on  the  density 
c  c 

distribution  assumed  for  the  protostar;  none  of  the  critical 
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Table  4 

M 

R 

c 

(cm) 

To(°K) 

3 

n  (cm-  ) 
c 

tff (yr) 

M0 

1 . 0  x 

1016 

64 

Q 

1.3  x  10 

5.8  x  10-5 

3Me 

3.6  X 

1016 

54 

9.5  x  106 

2.2  x  104 

10Mg 

1.4  x 

1017 

45 

7.0  x  105 

0 

1 — 1 

K 

O 

CO 

30Mo 

4.7  x 

1017 

41 

4.2  x  104 

3.3  x  105 

quantities  are  strongly  dependent  on  the  physical  parameters 
(such  as  A ^ )  which  do  not  appear  in  the  exponential  factor 
in  (316).  The  weak  dependence  on  these  parameters  is  a 
result  of  the  steepness  of  ft  at  the  critical  R.  In  the 
table  we  also  give  a  rough  estimate  of  the  time  scale  for 

,  x-1/2 

the  collapse  calculated  from  tff.  =  (Gpc ) 

We  see  that  due  to  the  efficient  radiative  properties 

of  the  collapse  phase  begins  at  quite  low  temperatures . 

It  Is  hard  to  say  where  the  collapse  will  stop.  Certainly 

all  the  K  will  be  dissociated  before  the  end  of  the 

61 

collapse.  Cameron  has  expressed  the  opinion  that  the 
collapse  goes  on  thru  the  Ionization  of  hydrogen  and  on  thru 
the  single  and  double  ionization  stages  of  He.  The  opacity 
of  the  material  will  then  have  increased  so  that  radiation 
comes  only  from  the  surface  layer  and  the  protostar  will 
begin  the  so-called  Kelvin  contraction  phase. 

It  is  natural  to  ask  whether  one  could  hope  to  find 
observational  evidence  that  stars  go  thru  the  evolutionary 
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stage  just  described.  If  one  could  observe  the  infrared 
(42 . 4m-  )  radiation  coming  from  a  small  region  of  space  where 
there  is  a  suspicion  that  a  star  is  forming,  the  arguments 
presented  here  could  be  considered  verified  with  a  high 
probability.  The  maximum  amount  of  this  radiation  emitted 
per  second  by  a  protostar  would  be 

IS/  *  Ve  '  (519) 

If  the  protostar  is  at  a  distance  R,  the  energy  flux 
received  at  the  earth  would  be 

2 

IS//AA  ^  W4ttR  .  (320) 

'e 

For  a  protostar  of  30  M0  at  a  distance  R  =  500  pc  we  get 

• .  14  2 

|?(/AA  ~  4  x  10"  watt/cm  . 

The  energy  flux  received  per  solid  angle  would,  of  course, 
be  much  larger.  It  is  quite  possible  that  this  radiation 
could  be  observed  when  observations  are  made  from  satellites. 
Of  course,  one  would  have  to  be  fortunate  enough  to  find  a 
protostar  which  is  in  the  right  stage  where  its  rate  of 
emission  is  at  maximum.  Some  of  the  so-called  '’globules” 
seem  to  have  the  right  size.  Hopefully,  such  a  series  of 
investigations  can  be  carried  out  in  a  few  years. 
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It  Is  the  opinion  of  the  author  that  the  collapse 
phase  is  the  only  stage  of  stellar  evolution  in  which 
hydrogen  molecules  play  a  major  role.  How  the  gas 
condenses  to  the  early  beginning  of  this  stage  remains  a 
mystery  and  it  is  not  likely  that  molecules  can  point  to 
a  way  out  of  the  difficulty. 


APPENDIX  A  -  PHOTODISSOCIATION  AND  PHOTOIONIZATION 


1 .  Generalities  about  molecular  structure  and  molecular 

processes 

All  approaches  to  molecular  strcture  are  based  on  the 
realization  that  the  electronic  mass  (m )  Is  much  smaller 
than  the  nuclear  mass  (M).  Because  of  this  mass  difference, 
the  electronic  motion  is  thought  to  "follow"  (to  a  certain 
extent)  the  nuclear  motion,  that  is,  the  electrons  are  able 
to  adjust  themselves  to  the  instantaneous  internuclear 
distance.  This  is  the  physical  basis  for  the  so-called 
Born-Oppenheimer  (B-0)  approximation  which  we  shall  consider 
only  for  diatomic  molecules .  Denoting  the  electronic 
coordinates  of  the  molecule  by  i r  and  the  relative  nuclear 
coordinates  by  IR  ,  the  B-0  approximation  consists  in  a 
separation  of  the  total  wave  function  for  the  molecule 
thusly  (we  neglect  spin) 

S^(r,lR)  =  ^(r  ■,  R)^v>r,e  ( ^  }  '  (A1 ) 

The  electronic  part  contains  the  internuclear  distance  only 
as  a  parameter.  One  can  easily  show  by  simple  order  of 
magnitude  arguments  that  this  approach  leads  to  the  following 
gradation  of  energies  for  the  molecule: 
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Electronic  energy  : 

2 

E  ~  e  /a^ 
e  o 

(A2) 

Vibrational  energy : 

2 

Ev~*  Ee 

(A3) 

Rotational  energy  : 

4 

E  — si*  E 
r  e 

(A4) 

where 

1/4 

Ji  =  (m/M ) 

(A5) 

To  these  relations  we  add  two 

more  which  give  the 

approxi 

mate  spread  of  the  wave  functions  for  electronic 

and 

vibrational  motion. 

Ax  —  a 
e  o 

(A6) 

Ax  h  Ax 

v  e 

(A7) 

It  is  really  these  last  two  relations  which  form  the  basis 
of  the  Franck -Condon  principle. 

In  radiative  processes,  the  cross  section  (for  absorption) 
or  the  intensity  (for  emission)  is  proportional  to  the  square 
of  the  matrix  element  of  the  electronic  dipole  operator 
between  the  initial  and  final  electronic  and  vibrational 
states  (we  neglect  rotation).  The  Franck-Condon  approxima¬ 
tion  consists  in  a  breaking  down  of  this  matrix  element 
into  a  product  of  an  electronic  and  a  vibrational  factor. 

<e»,  v'l  ir|  e,v>  s  <e'  (Rq)I  r  le(RQ))  <  v'|  v)  (A8) 

The  electronic  matrix  element  is  to  be  evaluated  at  the 
internuclear  distance  Rq  where  the  vibrational  overlap 
integral  <v'|v>  is  a  maximum.  The  cross  section  for  a 
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photon  absorption  process,  e.g.,  photodissociation  or 
photoionization,  is  then  given  by 

i  2 

Vv  =  ae  I 


where  a  is  the  electronic  factor.  For  photodissociation 
e 

the  vibrational  state  v1  lies  in  the  continuum  and  the 
vibrational  wave  function  has  to  be  normalized  accordingly. 

We  consider  this  in  the  next  section. 

2 .  Photodlssoclatlon 

(a )  Photodlssoclatlon  to  repulsive  state  -  For  ordinary 

1. 

atomic  transitions  the  absorption  coefficient  yf^(cm"  ) 
satisfies  the  relation 


/ 


H  d 

U)  0) 


2  2 
2?r  e 

m  c 


n  f 


(A10) 


3 

where  n  is  the  density  in  cm"  of  the  absorbing  atom  and  f 
is  the  oscillator  strength  for  the  transition.  The 
absorption  coefficient  n  o^)  is  proportional  to  the 

square  of  the  matrix  element  of  the  electronic  dipole 
operator.  For  a  molecular  transition,  and  in  particular 
for  one  involving  a  dissociation,  the  cross  section  is 
proportional  to  the  square  of  the  vibrational  overlap 
factor.  With  one  of  the  vibrational  states  in  the  continuum 
we  write  the  overlap  integral  as  <E|v>  where  E  stands  for 
the  relative  kinetic  energy  of  the  dissociated  atoms  and  v 
represents  the  initial  (bound)  vibrational  state.  We  have 
then  for  the  generalization  of  (A10)  for  molecular  transitions 
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involving  a  dissociation 

2  2  2 

a“  ■  T-r  n  7e  Kb|,>I  dN  «  <A11> 

where  dN  is  the  number  of  vibrational  continuum  states  in 
the  energy  interval  dE  =  -fi  do>,  and  7  Is  the  oscillator 
strength  evaluated  at  the  equilibrium  internuclear  separation 
for  the  initial  (ground)  state.  With  a  normalization 
length  L  for  the  conlnuum  state. 


p  being  the  reduced  mass  of  the  two  atom  system  after 
dissociation.  The  cross  section  for  photodissociation  is 
then 

a(Ji  =  2irm  c  ?e  |<eIv>|2“W  [W '  (A15) 

We  now  consider  two  different  approximations  for  the 

continuum  wave  function  \p  .  Case  I:  is  a  6-function 

'E  rE 

at  the  classical  turning  point  (see  Fig.  A1  below). 


Classical  turning  point  for  a  repulsive  potential 
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S^,(I)(R)  =  CE  6(R  -  J^)  .  (A14) 

We  determine  C„  from  the  normalization  condition 

£j 

/<E  /  v  >  |  2  dN  =  1  ,  (A15) 

which  becomes 

/°e *  %2{\)-fai¥6a-1  ■  (Al6) 

Changing  the  variable  of  integration  to  Rg  by 

da>  — >  /  Isj  j  dRE  (A17 ) 

and  taking  the  slowly  varying  factors  out  of  the  integral 
in  (Al6),  we  have 

C/  TO-  /¥  |  _/V(V  dRE  -  1  •  <Al8> 

Since  ^  is  normalized  to  unity  we  get  for  the  relation 

which  determines  C_  : 

£ 

°e  fe?  m  iiy  =  1  •  (ai9) 

2 

When  C_  from  (A19)  is  substituted  into  the  expression 
£ 

(A15)  for  the  cross  section,  we  have,  finally, 

ao>  *  —mi"  Te  (/Ipjl)  •  (A20) 

For  a  repulsive  state  the  range  of  R^,  covers  the  complete 
range  of  R  and  we  have,  again  using  the  normalization 
condition  for 
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J°A  -  Nri-  Te  ■  (A21) 

While  the  expression  (A20)  is  very  easy  to  use,  higher 
accuracy  would  require  a  more  realistic  treatment  of  the 
continuum  wave  function.  The  following  case  can  be 
considered  as  an  improvement  over  (Al4). 

Case  II:  i is  a  WKB  wave  function. 

E  )  62 
Away  from  the  classical  turning  point,  the  WKB  ^  is 

a 

^e(II)(R)  =  sin  (i  l  P (R '  )  dR'  +  £*).  (A22) 

To  determine  the  normalization  constant  C  we  make  use  of 


the  asymptotic  behavior  of  ^  which  is 

v/g^II^(R)  — >  A  sin  (kR  +  6)  ,  (A23 ) 

where 

k  -  PE/fi,  p£  =  p(R  =■  co  )  •  p  .  (A24) 

From  the  normalization  condition 

fL  2 

J  %  dR  -  1  (A25) 

we  get 

1/2 

A  =  (2/L)  .  (A26 ) 

Comparing  (A25)  with  (A22),  we  determine  C  to  be 

1/2 

C  -  (2p/L)  ,  (A27) 
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so  that  the  normalized  WKB  wave  function  away  from  the 
turning  point  is 

R 

P(R'  )  dR'  +  ^r)  . 

(A28) 

We  match  this  wave  function  to  a  wave  function  around  the 

turning  point  which  is  an  Airy  function.  This  procedure  is 
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described  in  the  book  of  Landau  and  Lifshitz.  The  result 
is  that  the  continuum  wave  function  for  all  R  is  given  by 

1/2 

<//E  =  (2p/L)  ug  ,  (A29) 


^e(ii)(r)  - 


where 


(2pF  -ft)  ♦  (-y  )  near  turning  pt . 

.1/2  !  f*  ,  <A30> 

(p(R))  sin  J*  p(R' )  dR'  +  -jpr)  away 

„ f j _ j 


from  turning  pt, 


Here,  ♦  is  the  Airy  function 

.  Oo 

♦(  ^  )  “  IT  y  cos  (iu^  +  u  J1  )  du,  (A^l  ) 

with 

2  1/3 

^  -  (R  +  E/F )  (2nF/*i  )  ,  (A52 ) 

F  -  -  (§)„e  ■  <*»> 

With  the  wave  function  given  by  (AJO),  the  normalization 
condition  (A15)  becomes 

|<E|v>|2dN=  )<uEiv>|  2  £  do>  ,  (A54) 
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so  that  (All )  gives  for  the  cross  section 

*.  K“*iv>i2  •  (A») 

(b  )  Photodlssoclatlon  to  attractive  states  -  The  two 
expressions  for  the  photodlssoclatlon  cross  section  which 
were  derived  In  the  previous  section  are  also  applicable 
when  the  upper  electronic  state  In  the  dissociation  process 
is  an  attractive  state.  For  attractive  states,  however, 

(A20)  is  less  accurate,  since  the  errors  involved  in  the 
approximation  of  a  6-function  wave  function  no  longer  have 
a  way  of  cancelling  as  they  do  when  the  upper  state  is 
repulsive.  Nevertheless,  (A20)  is_  useful  in  deciding  which 
electronic  states  contribute  to  the  photodissociation 
process.  For  a  more  accurate  calculation  of  the  contribution 
of  these  states  to  the  cross  section  it  is  advisable  to 
then  employ  the  relation  (A35). 

We  shall  consider  the  case  where  the  potential  curve 
for  the  upper  state  can  be  approximated  by  a  Morse 
potential  (see  Fig.  A2  below) 


Classical  turning  point  for  an  attractive  potential 
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Ue(R)  =  De  (1  -  e 


-3(R  -  Re),2 


)  • 


(A36) 


The  momentum  p(R)  In  (A30)  would  then  be  given  by 

2,nl/2 


»(R)  =  j2n{E  +  De  -  De(l  -  a'e'PR)  /] 


where 


a '  =  e 


PR- 


Making  the  substitutions 


and 


we  have 


-PR 

7  =  1  -  a’ e  , 


k  =  D  /(E  +  D  )  , 

e  e 


y  «  k7  -  y(R) 


1/2 


1/2 


(A37) 

(A38) 

(A39) 

(A4o) 

(A4l ) 


p(R)  =  (2n(E  +  De))  (1  -  y  )  .  (A42) 

The  WKB  wave  function  Ug  becomes,  since 

dy  =  k  dy  =  ka'p  e"PR  dR  -  p(k  -  y)  dR  ,  (A4^ ) 


UE  -  jin(E  +  De)(l  -  y2(R))J  ~lA  Blnj’i  j 

1/2 


1/2  (1  -  y?)  i  I 

(2h(e  +  De))  0^_:"yr)  •  (A4J0 

To  evaluate  the  Integral  in  the  argument  of  the  sine  we  let 

k  -  1  -  €  ,  (A45) 
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where 

1/2 

e=l-  (Dg/(E  +  De))  E/2De  . 

Then, 

k  -  y'  =  (1  -  y*  )  (1  -  T  )  > 

where 

r  s  e 

5  '  ii  -  y’)  ' 

The  function  to  be  integrated  in  (A44 )  becomes 

2  !/2 

f(y.)  -  I1.  Ill  l - 1  *  y’  _ 1_ 

k  -  y*  i  -  y>  i  _  j 

-  ■ 


(A46) 

(A47) 

(A48) 

(A49) 


Making  the  further  substitution  y  =  cos  20,  f(y)  becomes 
f(y)  -  2l  "gn=g"  fn(y)  »  (A50) 

with 


-n*.  2 

*/i. 


fn(y) 


2 

cos  9 

'i*nL  sin2n0 


- 

~  C+i  u 


de 


(A51) 


The  integrals  f n (y )  are  easily  evaluated.  The  first  few 


are  enumerated  below. 
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fG(y) 

i  i,2  y2 

=  if  (-  cos"  y  -  (l  -  y  ) 

+  7r) 

fx(y) 

=  Y  +  I?  cos_1y  -  \  v,  Y  =  j 

1  +  y 

r^-y 

f2  (y) 

=  y3/3 

(A52) 

f3(y) 

• 

• 

• 

=  Y3(Y2  +  1/3 )/5 

• 

• 

• 

Hence,  we  obtain  for  the  WKB  wave  function  with  a  Morse 
potential : 

,  /„  1/2 

.  w  2n-1/4  f(2n(E  +  D„)) 

*  2p.(E  +  De)(l  -  y  )  sin  j - -  -e — 

CO 

Z  Sh£-  f„(y)  +  M  •  (*55) 

These  methods  can  be  applied  to  the  problem  of  the 
photodissociation  of  the  hydrogen  molecule.  The  edge  for 
photodissociation  of  H2  thru  allowed  transitions  is  at 
14.5  eV  corresponding  to  a  dissociation  in  which  one  of  the 
hydrogen  atoms  goes  off  in  an  excited  state  with  n  =  2. 

The  sharpness  of  the  edge  can  only  mean  that  the  upper  state 
involved  in  the  dissociation  is  an  attractive  state.  Two 
attractive  states  which,  on  separation  of  the  nuclei,  result 
in  one  H-atom  in  the  ground  state  and  the  other  in  the  first 
excited  state  and  which  have  large  oscillator  strengths  for 
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transitions  from  the  ground  state  are  well  known.  They 

are  the  B  anci  fche  c  (  TT  )  states  which  give  rise 

on  absorption  from  the  ground  state  X  (  f  )t  to  the  Lyman 

and  Werner  bands  of  the  molecule.  To  decide  which  of  these 

states  is  likely  to  contribute  to  photodissociation,  (A20) 

was  employed  with  the  result  that  the  X  — >  B  transition 

can  definitely  be  ruled  out  because  of  the  very  small 

vibrational  overlap.  The  X  — ■>  C  contribution  is  not 

63 

negligible  however.  Herzberg  and  Monfils  have  expressed 
this  opinion  after  investigating  the  rotational  structure  of 
the  dissociation  edge.  Employing  (A35 )  with  a  WKB  wave 
function  calculated  from  (A53)  matched  to  an  Airy  function 
at  the  classical  turning  point,  one  obtains  a  value 

18  2 

0.8,.  x  10"  cm  for  the  X  — *  C  contribution  to  the  photo- 
5 

dissociation  cross  section  at  the  edge.  A  harmonic  oscilla¬ 
tor  wave  function  (gaussian)  was  used  for  the  ground 
vibrational  state  and  an  oscillator  strength  of  0.6  was 
taken  for  f"  .  This  seml-emperical  value  was  arrived  at  in 

the  following  manner.  The  " experimental "  f-value  from 

64 

dispersion  data  of  0.84  has  been  taken  to  be  due  to  the 

sum  of  the  transitions  X  — *  B  and  X — *  C.  Since  the  f-value 

55 

for  the  former  transition  has  been  calculated  to  be  0.27, 
the  difference  between  0.84  and  0.27  can  be  taken  (if  no 
other  transitions  contribute)  to  be  due  to  X — +C.  Because 
of  the  uncertainty  of  the  data,  a  value  of  0.6  was  adopted 
for  the  f-value  for  X  — *  C.  The  calculated  cross  section 
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_l8  2 

of  0.8  x  10"  cm  seems  too  small  by  about  an  order  of 

^  36 

magnitude  when  compared  with  the  rough  experimental  data-3 

for  the  cross  section  at  the  edge.  Thus,  these  calculations 

would  seem  to  rule  out  both  the  B  and  C  states  as  the  most 

important  upper  state  in  the  photodissociation.  Perhaps 

the  recently  discovered  B1  state  mentioned  by  Herzberg  and 

Monfils  may  be  the  chief  contributor  to  the  cross  section. 

At  present,  little  data  exists  for  this  state. 

j5.  Photolonlzatlon 

The  cross  section  for  the  process 


7  +  H„ 


H, 


+  e 


(A54) 


has  an  edge  at  about  15.4  eV  corresponding  to  a  transition 

between  the  ground  vibrational  states  of  H2  and  H2+.  The 

cross  section  for  photoionization  in  which  the  transition 

is  from  a  vibrational  state  v  of  H„  to  a  vibrational  state 

o  2 

v.^  of  H2  can  be  written,  with  the  help  of  the  Franck- 
Condon  principle,  as 

‘Vlv0(->  “  °e(a)v)  KviiVo>l  <A55) 


where 


a)  s  a)  >  Aw 
v  v 


(A56) 


and  a  (a>  )  results  from  the  electronic  part  of  the  matrix 
element  for  the  transition  and  would  be  calculated  for  the 
equilibrium  intemuclear  separation  of  Hg.  For  practical 
purposes  a  (ai)  can  be  taken  from  experiment  to  be  of  the 
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form‘d 

ae(a>)  *  B/co  (A57) 

2  1 

with  B  0.17g  cm  sec  ,  giving  a  threshold  value  of  the 

electronic  part  of  the  cross  section  of  a  (on  )  =  7.5  x 
_l8  2 

10  cm  .  The  total  cross  section  for  transitions  from 
the  ground  state  vQ  =  0  to  all  vibrational  states  Vj 
consistent  with  energy  conservation  is  then 


a  (<o )  =  2"  a 


1  °V1 


(o>) 


If  we  approximate  the  vibrational  states  of  and  to 

harmonic  oscillator  states,  the  factors  j<v  io>r  may  be 

calculated  readily,  and  oj >  is  simply  u>  -  v^cu^  where  a>v 

is  the  fundamental  vibrational  frequency  of  H2+.  The 

results  of  the  calculation  are  shown  in  Fig.  A3  below. 

The  low  value  of  the  cross  section  just  to  the  right  of 

the  edge  results  from  the  small  value  of  the  vibrational 

overlap  factor  |<'o|o')|  .  The  general  shape  of  the  edge 

appears  to  be  in  agreement  with  the  rough  experimental 

36 

curve  sketched  by  Lee  and  Weissler. 

It  is  interesting  to  note  that  both  the  magnitude  and 
frequency  dependence  of  the  electronic  part  of  the 
(experimental )  photoionization  cross  section  of  H  are 
very  similar  to  that  of  He  as  calculated  by  Huang.  This 
agreement  is  probably  not  accidental.  The  equilibrium 
internuclear  distance  for  H2  is  rather  small  (0.74  X)  and 


f/0"sec-') 


Fig.  A5 


Photoionization  edge  of  H 

2 


the  electronic  structure  of  the  molecule  can  be  expected  to 

resemble  that  of  He  which  is  the  "united  atom"  corresponding 

to  H  .  Moreoever,  at  the  internuclear  distance  of  0.748, 

2 

the  H  +  molecule  should  be  similar  to  He+. 


APPENDIX  B  -  VELOCITY  DISTRIBUTION  OF  H  I  CLOUDS 


The  one  dimensional  (radial )  distribution  of  cloud 
velocities  is  known  from  interstellar  absorption  studies 
to  be  of  the  form 

fv  -5T ■  (bi  ) 

r  ^  y 

with  yj  z.  10  km/sec.  The  distribution  function  fy  for  the 
absolute  velocity  v  is  easily  found  if  the  assumption  is 
made  that  the  distribution  is  isotropic.  In  this  case  the 
probability  of  a  velocity  vector  being  in  A©  is  75-  sin  9  A© 
(see  Fig.  Bl  below). 


\r 


Fig.  Bl 

Velocity  Vectors 

The  number  of  radial  velocity  vectors  between  vp  and 

v  +  dv  is  then 
r  r 

,  */i 

dNv.  =  fv  dvr  =  \  J  fv(v)  sin  ©  d©  dv.  (B2) 
r  r  o 

(vr  =  v  cos  ©) 
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This  integral  denotes  a  summation  over  angles  such  that  v  - 
cos  9  =  v^  (vr  is  fixed  in  the  integration).;  From  the 
geometry  we  can  write  dv  =  dvr/cos  9,  giving  an  integral 
equation  for  the  desired  function  f  : 


f  (v  /cos  9)  tan  9  d9 
v  r 

=  k  /  fv  (y  J  “ y  • 


The  solution  to  this  equation  is 


af. 


f  (v  )  *  -  2  v  Vr- 

v  r  r  d  v 


With  f. 


e"^  r//7  ,  we  get  for  fy 


-v/^ 


f  (v)  =  -Are 


This  distribution  gives  an  average  velocity 
v  «  (  v  fv(v)  dv  ■  2^  , 


(B3) 


(B4) 


(B5) 


(B6) 


and  a  mean  squared  velocity 


More  generally, 

vn  »  /”(n  +  2 ) 


(B7) 

(B8) 


APPENDIX  C  -  STROMGREN  SPHERES 


1 .  Solution  of  the  Ionization  equation 

The  basic  equation  for  StrBmgren  sphere  calculations- 
is  the  integro-diff erential  equation  (l68).  In  this 
appendix  we  shall  outline  methods  for  the  solution  of  this 
equation  for  the  case  v  =  0,  that  is,  the  static  case. 

The  same  methods  can  be  extended  to  cases  when  "v  ^  0 
although  more  tedious  calculations  are  required.  With 
v"  =  0,  (l68 )  becomes 

no  X2  0^v  =  d  -  x)  R  y  Jco^co  e‘Ta>  r)^  (Cl) 

s 

where 

Tco(r)  =  aaino  /  (1  "  x(r’)  dr'  •  (C2) 

Once  t  (r)  is  determined,  the  Integral  in  (Cl )  can  be 
evaluated  and  the  equation  can  be  solved  for  x,  the 
solution  being 

2  1/2 

x  =  -  b  +  (b  +  2b )  ,  (C3 ) 


where  (aQ  =  *R/kT0 ) 

2  5 

b  at  “t 

8r2  TC 


no  apv 


A 


Oo®  ~  Ta>(r ) 


da>.  (C4) 


The  following  expansions  of  (C3)  are  useful: 


2  3 

x  =  1  -  l/2b  +  l/2b  -  5/8b  +  ...  b  v  1  (C5) 
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1/2  1/2  2 
x  -  (2b  )  (1  -  (b/2 )  +  b  A  -  b  /32  +  .  . .  )  b«  1 . 

(C6 ) 

The  motivation  for  the  methods  developed  here  for  the 
solution  to  (Cl )  comes  from  the  fact  that  the  contributions 
to  from  various  elements  of  the  gas  are  additive.  We 
write  t  as 


where 

t(r)  =  /  (1  -  x (r 1  ) )  dr'  .  (c8) 

0 

The  distance  r  to  the  central  star  can  be  broken  up  as 
shown  in  Fig.  Cl. 


_ _ rr  ?  n*  _ 

-r{  crin  T 

Fig.  Cl 

Intervals  of  r 

The  value  of  t(r)  at  r^  can  be  approximated  by  the  sum 

<-/ 

t±  =  4^1  "  x(rj))  Arj  »  (C9) 

and  the  value  of  t(r)  at  r  by 

h+l  *  tj.  +  (1  -  x(ri))  4r± 


(CIO) 
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The  general  procedure  for  solving  (Cl )  should  now  be 
evident.  After  t  has  been  determined,  we  calculate 
t  (r±),  b(ri),  and  x(ri).  With  this  x^),  we  calculate 
^1+1  (CIO),  and  so  on.  The  principal  mathematical 
problem  is  the  evaluation  of  the  Integral  in  (C4),  namely 


:0)  -  Ae- 

% 


,u>  -  P/co" 


dd 


(C11) 


Close  to  the  star  the  degree  of  ionization  is  high 
(x->l)  and  so  the  optical  thickness  is  small.  This 
suggests  an  iteration  procedure  for  the  solution  to  (Cl). 


With  t  =  0,  we  have  from  (C4 ) 
oi  '  ' 


(C12  ) 


no  °PV 


where 


K(a0a>t)  - 


r  00 

/  _u 

4  v  du- 


(C13) 


With  this  b  we  can  calculate  1  -  x  >  l/2b  from  (C5) 
o  o  '  ' 

and  substitute  it  into  the  expression  (C2 )  for  giving 


t  =  a  . 
0)  01 


Po  f 


2b  (r'  )  *  7  Vo  a  1,3  •  <C14) 


where 


i  /  7 to  ^  n  o  «v 

a  =  4(*|)  _o_P _ 

at  KK“t^ 


(C15) 


We  then  substitute  the  expression  for  from  (Cl4)  into 
(C4),  making  the  approximation  e"  “  *  1  -  t  .  Evaluating 


210. 


the  integrals,  we  get 


b(r)  =  bQ(r)  (l  -  Br)  ,  (Cl6) 


where 


B 


no°t  K4 (“o  “t > 


(C17) 


Here  the  K's  are  the  generalized  exponential  integrals 
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defined  in  the  appendix  of  Unsold's  book.  They  have 
the  following  properties: 

-xw  _u 

-  J,  V  dw  *  *  J,  ^du’  (C18) 

Kx(x)  5  K(x)  ,  (C19) 

(n  -  1)  Kn(x)  =  e-X  -  x  K^x)  (C20) 

Using  the  recursion  relation  (C20),  the  generalized  integrals 

for  higher  indices  n  can  bie  calculated  from  K(x)  which  is 
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tabulated. 

The  iteration  solution  (Cl6)  provides  the  simplest 

method  for  calculating  x(r)  and  is  valid  roughly  for 

r  <  rs/2.  For  larger  values  of  r  the  optical  thickness  t 

is  no  longer  small  and  the  iteration  procedure  breaks  down. 

However,  at  this  point  we  can  evaluate  the  integral  l(B) 

_B/u>5 

by  expanding  e  In  a  power  series.  When  this  is  done, 

l(p)  becomes 


211. 


I(P)  -  T  (^V)n  K5n+l(aoa)t)  .  (C21) 

irr  “t  n: 

This  expansion  can  be  used  to  calculate  b(r^),  x(ri)J  etc. 
Fortunately,  the  argument  of  the  K-f unctions  does  not 
contain  0  so  that  they  need  be  calculated  only  once  for  the 
given  value  of  T  . 

Eventually,  when  fJ  becomes  large,  the  expansion  (C21 ) 
will  converge  slowly  and  become  impractical.  At  this  point, 
however,  we  can  obtain  an  asymptotic  expression  for  l(p) 
since  the  main  contribution  to  the  integral  will  come  from 
a  region  where  both  aQoi  and  &/a?  are  large  (see  Fig.  C2 
below. 


Fig.  C2 


Graph  of  exponent  in  photoionization  rate 
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Expanding  the  exponential  g(a>)  =  aji>  +  ^  around  the 
minimum  we  can  obtain  an  approximate  expression  for 
the  integral  l(0).  The  result  is 

1(0)  =  fi/6y  e“4T  ,  (C22) 

where 

,  /  3/4 

y  =  (a0/3 )  0  .  (C2J ) 

These  methods  were  used  to  calculate  x(r)  for  a  region 
of  density  nQ  =  10  cm-^  surrounding  a  main  sequence  B2  star 
(Tq  =  20,000°K).  In  this  calculation  a  radius  R  =  2.15  x 
1011  cm  was  taken  for  the  star  (from  Table  1.2  of 
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Schwarzschild's  book  ).  The  results  are  shown  in  Fig.  C3. 


Ionization  as  a  function  of  distance  from  a  main  sequence 
B2  star  (Tq  =  20,000°K0  for  a  density  nQ  -  10  cm-*. 
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2 .  Molecular  effects  -  the  "A-shell11 

We  conclude  this  appendix  by  considering  the  problem 
of  determining*  in  the  static  case,  the  regions  of  ioniza¬ 
tion  and  dissociation  of  a  hydrogen  gas  surrounding  a  hot 
star.  The  shell  of  atomic  hydrogen  which  is  surrounded  by 
will  be  referred  to  as  the  A-shell.  By  the  static  case 
we  mean  the  state  which  would  result  after  an  infinitely 
long  time.  Thus,  even  though  the  relaxation  time  for 
formation  of  H 2  is  very  long,  we  assume  the  gas  to  be 
undisturbed  for  a  sufficiently  long  time  for  an  equilibrium 
situation  to  exist.  We  consider  the  medium  to  have  a 
constant  "heavy  particle  density"  nQ  =  2nH  +  n^  +  np  and 
shall  ignore  the  pressure  differences  set  up  by  the 
differences  in  density  and  temperature.  Moreover,  we  shall 
assume  from  the  beginning  that  the  molecular  region  is 
sufficiently  separated  from  the  ionization  region  so  that 
when  regarding  molecular  processes  we  shall  have  to  deal 
only  with  the  region  of  neutral  hydrogen  (the  results  will 
be  seen  to  be  consistent  with  this  assumption).  For  the 
neutral  region  we  take  T  =  100°K  and  for  the  ionized  region 

T  =*  10^°K.  The  problem  we  are  considering  is  unrealistic 
e 

in  the  sense  that  it  neglects  the  effects  of  pressure 
differences,  but  some  of  the  qualitative  results  may  be  of 
some  value.  A  realistic  situation  to  which  the  results 
would  be  applicable,  however,  is  that  of  a  cloud  of 


completely  associated  molecular  hydrogen  moving  past  a 
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bright  star.  The  region  coming  toward  the  star,  that  is, 
the  ionization  and  dissociation  fronts,  would  be  described 
in  a  manner  similar  to  the  static  case  since  here  the 
dynamical  motions  would  not  have  set  in  as  yet. 

The  processes  which  determine  the  equilibrium  concen¬ 
trations  are: 


H  +  Y  «=*  p  +  e  (C24) 

H2  +  Y  — 9  H  +  H  (C25  ) 

H2  +  Y  —*  H2+  +  e  (C26 ) 

H2+  +  Y  H  +  p  (C27) 

H2+  +  e  — >  H2  +  y  (C28  ) 

H2+  +  e  — »  H  +  H  (C29 ) 

H  +  S-H  — *  H 2  +  S  (C30) 


the  last  process  representing  association  on  grains.  We 
assume  (C29)  to  be  much  faster  than  (C27)  and  (C28)  so  that 
any  Hg+  formed  quickly  becomes  H  +  H  and  the  reactions  to 
be  considered  are  essentially 


(1) 

H  +  Y  «P=2r 

p  +  e 

(ii) 

Hg  +  Y  - > 

H  +  H 

(Ill) 

H  +  S-H  - * 

H  +  S 

2 


The  equilibrium  concentrations  will  be  determined  from  the 
steady  state  relations 
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.1  2 
n  t  =  k  n 
H  7  e 


n„  t~  =  n  b  p 

h2  *y  H  8 


and  the  condition  of  constant  density 


n  =  2  nu  +  nTT  +  n 
o  H  e 


(C31) 
(C32 ) 

(C33) 


Here,  k  =  o'v,  and  is  the  sura  of  the  rate  constants 

p  2  ii 

for  plhotodissociatlon  and  photoionization  (t^  d  +  t"  ^). 

The  last  three  equations  are  to  be  solved  for  n^  ,  n„,  and 

n  . 
e 

Combining  (C32)  and  (C33),  we  have 


ne  “  no  '  y  "H 


(C34) 


where 


2b  p 

=  1  + 

So 


(C35) 


Substituting  (C34 )  into  (C3l),  we  get  an  equation  for  n  ; 

H 

2  _  — 1  2 

-2(Il£  +  _lL)n  +  Ho  =  o  ,  (C36) 

y  2ky2  H  y2 


which  has  the  solution  _ 

n  -1  /  -1  2  iT 

nH  “  -2.  +  Si  - // C°  +  ZlL_)  -  fio  (C3T) 
y  r  y  2ky2  ^ 

The  molecular  and  electronic  densities  are  then  found  from: 

(C38) 


b  p 

i\i  g  n 

“2  ~Zl  H  , 


^2 


216. 


n 


=  n  -  y  n 
o  J  H 


(C39) 


.1 


For  >>  \ 

y  - - 

2ky^ 


n 


nH  "  y°  3  ne  ~  ^nH  1c 


1  1/2 
Tn  \ 


(C40 ) 


The  rate  constant  for  photodlssoclatlon  or  photo- 
ionization  of  species  k  (H^  or  H)  is  given  by 


Jk  •  <S?c>  7"/®  k<“> 


2  -O_C0  -  T... 

a)  e  o  co 


do.  (C4l ) 


When  absorption  is  by  several  different  kinds  of  particles 

,  (C42 ) 

(C43) 


=  ZT  «,(«■>)  t 

j  J  J 


CO 


lJ  -  /  nJ dr 


The  cross  section  °j(a>)  is  usually  of  the  form 

cot  *  rai 

a  (<o)  =  0  { — 1) 


(C44 ) 


For  large  optical  thicknesses  most  of  the  integral  in  (C4l ) 
comes  from  the  region  of  co  where  f  (co)  =  cro>  +  t  is  a 
minimum.  Expanding  f(u>)  around  this  frequency  coq,  we  have 

f(<o)  =  f(ca.)  +  )2  f"(co  )  +  ...  ,  (045) 

2  0 


where  co  is  found  from 
o 
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m. 


V"  “V 

a  -  /  3  m.  J  t 

0  \  °J  J  nTTFl  J 

J  a>0  J 


=  0 


and 


itu 

T*  a).  J 

f“K)  =  L  P  .  m  (m  +l)  tJ  t 

0  J  °J  J  J  ~ S7+5—  j 

o  J 

_1 

The  asymptotic  formula  for  i  is  then 

yh 


Y  =  (?Sc-)2VSl 

r  rc  r.2  K  f"(0>  ) 

o  7 


(C46) 


(C47) 


(C48 ) 


We  consider  the  specific  situation  of  a  region  of 
_3 

density  n  =  10  cm  surrounding  a  B2  star.  The  effects 
o  '' 


of  molecules  are  negligible  if  y  -  1 


=  2b  P, 


7T 


8  «  1.  It 


turns  out  that  molecules  become  important  only  when  the 
region  becomes  almost  completely  neutral.  Hence,  the 
ionization  results  may  be  taken  over  from  the  previous 
calculations  which  produced  Fig.  C3.  Moreover,  the 
asymptotic  formula  (C48)  will  be  valid  when  considering 
the  H-Hg  regions.  For  the  cross  section  for  molecular 
dissociation  and  ionization  we  take  Og  =  B/co  which  is  the 
emperical  ionization  expression  (see  Appendix  A).  The 
approximation  of  considering  only  the  ionization  process 
is  valid  since  the  optical  thickness  t  is  so  large  that 
o>q  in  (C48)  lies  in  the  region  beyond  that  where  dissociative 
effects  are  appreciable.  For  the  numerical  calculations  we 
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_16  l  —  13  3 

take  bp  =  4  x  10  sec"  ,  k  =  a_v  =  2.73  x  10  cm 
g  P 

sec"  .  The  results  of  the  calculations  are  presented  in 
Pig.  C4. 


Pig.  C4 

Particle  densities  as  a  function  of  distance  from  a  B2 
star  with  a  surrounding  medium  of  density  n  ■  2n„  + 

j  °  ^2 

n  +  n  -  10  cm"  . 

H  e 


Only  a  thin  shell  of  atomic  hydrogen  separates  the 
ionized  from  the  molecular  region.  It  is  emphasized  again 
that  this  situation  does  not  represent  that  of  a  typical 
interstellar  cloud. 


APPENDIX  D  -  A  PROBLEM  IN  BROWNIAN  MOTION 


In  this  appendix  we  shall  derive  a  probability  function 
associated  with  a  special  problem  in  Brownian  motion. 

The  motion  may  be  of  an  Individual  molecule,  a  macroscopic 
particle  immersed  in  a  fluid,  or,  in  the  special  case  we 
are  considering,  an  interstellar  cloud  undergoing  collisions 
with  other  clouds.  It  is  desired  to  find  the  probability 
function  w(z" ,t 1  j  z  '  ,z ,t ),  where  w(z" ,t'|z '}z,t  )dz"  is  the 
probability  that  a  "particle"  was  within  dz"  after  under¬ 
going  Brownian  motion  for  a  time  t ' ,  given  that  it  started 
out  at  z '  at  t '  =  0  and  ended  up  at  z  after  a  time  t  >  t ' . 
Thus,  we  fix  the  z -values  of  the  endpoints  for  the  motion 
and  the  total  time  that  the  particle  has  traveled,  and  ask 
for  the  probability  function  for  z"  at  the  intermediate  time 
t ' .  This  problem  can  be  solved  easily  by  considering  the 
associated  discrete  random  walk  problem  and  then  making  the 
transition  to  the  continuum  case.  We  shall  use  methods 

similar  to  those  employed,  for  example,  in  the  review 
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article  by  Chandrasekhar. 

Consider  the  random  walk  process  in  which  a  particle 
takes  N  steps  (1,2, . . . , j, . . . ,N )  of  length  l  and  of  equal 
probability  (=^.)  to  the  left  or  right  along  the  z"  axis 
(see  Fig.  D1 )  which  is  divided  into  elements  denoted  by 
integers  ( 
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z' 


it* 


o 


i 


Fig.  D1 

Discrete  and  continuous  z" 


It  is  desired  to  find  the  probability  W(l,JJn,N)  that  the 
Jth  step  puts  the  particle  at  i,  given  that  the  Nth  step 
puts  it  at  n.  This  probability  function  is  given  by 


W(i,J/n,N)  = 


W(i,  j;n,N) 


(Dl) 


W(n,N) 

where  W(i,J;n,N)  is  the  probability  that  the  Jth  step  puts 
it  at  i  and  the  nth  step  puts  it  at  N,  and  W(n,N)  is  the 
probability  that  the  Nth  step  puts  it  at  n  (with  no  special 
specifications  on  the  intermediate  Jumps).  Now, 


W(n,N)  = 


N! 


(N_+n): 


(7) 


N 


(D2) 


the  combinatorial  factor  being  the  number  of  ways  of  taking 
(N  +  n)/2  steps  to  the  right  and  (N  -  n)/2  to  the  left. 

The  probability  function  W(i,J;n,N)  is  the  product  of  the 
probability  of  getting  to  i  in  J  steps  and  the  probability 
of  then  getting  to  n  in  the  remaining  N  -  J  steps.  Thus, 


we  have 
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W(i,j|n,N)  = 


J! 

3  TT-r-  T 

k  o  J  •  \  p 


j 


t  N-j 


n 


(n  -  J): _ A 

l)i 


N! 


/N 


n 


)  •  ( 


N  -  n 


Af 


)i 


(D3) 


We  take  the  case  N  »  iij  j  »  1,  N  -  j  >>  n  -  1  and  make 
use  of  Stirling's  approximation: 

In  x!  &  (x  +  ^ln  x  -  x  +  ^  ln2ir  ,  (D4 ) 

and  also 

ln(l  ±  y )  sr  *y  -  y2/2  .  (D5) 

With  the  approximations  (D4)  and  (D5)  an  expression  like 


w  = 


A! 


(A  »  a) 


(X>6) 


can  be  approximated  by 


In 


w  *  -  ^-ln  A  =  (A  +  l)ln  2  -  a2/2A  -  |in  2.  (D7) 


In  this  manner  we  calculate  W(i,J,n,N)  to  be 


W(i,J|n,N)  = 


(27T  JjN  1 Jl'* 
N 


-i2/2j  - (n  -i)2/2(N  -  j) 

_S _ e _ 

a.n2/2N 


(ds; 
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We  now  make  the  transition  to  the  continuum.  Since 
z"  =  z 1  +  ii  ,  z  =  z'  +  n!  we  make  the  replacement  i  = 

(z"  -  z1  )/i  ,  n  -  i  =  (z  -  z"  )//  .  Now,  if  j  is  odd  (even), 
i  must  be  odd  (even)  so  that  the  number  of  allowable  points 
i  within  Az"  if  J  is  fixed  is  Az"/2 X  .  Thus  we  have 

Az” 

W(i,  n,N  )  =  w(z",J)n,N)  Az",  (D9) 

w(z",j/n,N)  being  the  continuum  distribution  function.  If 
the  particle  makes  r  displacements  per  unit  time  we  can 
replace  J  and  N  by  rt'  and  rt  respectively.  We  also  define 
D  =  5T  £  2  and  get  finally: 


w(z",  j[n,N)dz"  =  w(z'*,t '/ z  '  ,z,t  )dz"  = 

,  - (z"-z '  )2/4Dt '  - (z"-z )2/4D(t-t ' ) 

,  ■  -W,T  s - S - - — dz" 

e-(z-z'  )  /4Dt 

(DIO) 


We  note  that  as  t'  — >  0,  w  — ><5(z"-z)  and,  as 
>  t,  w  — >6(z"  -  z)  and,  moreover,  that 


w 


,  ,.1/2  -(z"-z' )  /4Dt' 

->  (4irDt )  e 


(Dll) 


When  the  second  point  is  fixed  in  the  infinite  future,  the 
resulting  formula  reduces  to  the  familiar  expression  for 
diffusion  from  a  single  fixed  point  when  the  endpoint  is 
not  fixed. 
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